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TOM TAT

Trong Iy thuyét bat dang thire, bdt dang thire Muirhead giik vai
tro trung tdm trong viéc so sanh cdc biéu thire doi xirng bdc
cao. Bt dang thirc ndy khéng chi la mét cong cu manh mé
trong viéc chitng minh cdc bat dang thirc ¢é dién nhir AM-GM
hay Schur, ma con phdn dnh sdu sdc moi lién hé giira dai s6
doi ximg va quan hé majorization gitta cdc day so thue.

Mouc tiéu ciia bai bdo la xdy dung va chitng minh dang tong
qudat cua bat dang thirc Muirhead trong khéng gian thwc n
chiéu, théng qua viéc sit dung ngon ngit da chi sé va ly thuyét
majorization. Ngodi ra, bdi viét ciing trinh bay mét sé vng
dung tiéu biéu ciia két qua nay trong viéc chitng minh cdc bdt
ddng thire doi xitng phike tap va khdo sat cdu tric dai sé tiém
an cia chiing.

ABSTRACT

This paper investigates the extension of the Muirhead
inequality in the real 7-dimensional space. First, we revisit
the classical Muirhead inequality in the case of three
variables and its connection with symmetric inequalities and
Schur’s inequality. Next, we develop a generalized
formulation of the Muirhead inequality for an arbitrary
number of variables (72>3), employing the language of multi-
indices and normalized symmetric notation in the proof. The
paper presents several representative examples illustrating
this extension in the derivation of complex symmetric
inequalities and in comparing degrees of majorization
between sequences of real numbers. The results contribute to
clarifying the underlying algebraic structure of higher-order
symmetric inequalities.
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1. MO DAU

Trong ly thuyét bat ding thirc, bat dang thirc Muirhead gitr vai tro trung tdm trong
viéc so sénh cac biéu thirc dbi xiing bac cao. Bat diang thuc nay khong chi 1a mét cong
cu manh m@ trong viéc ching minh cac bét dang thac ¢6 dién nhu AM—GM hay Schur,
ma con phan &nh sau siac méi lién hé giita dai s6 d6i xiing va quan hé majorization gita
cac day sb thuc.

Muc tiéu cua bai bao 1a xay dung va ching minh dang téng quat caa bat dang thie
Muirhead trong khéng gian thuc n chiéu, thong qua viéc st dung ngén ngit da chi s6 va
ly thuyét majorization. Ngoai ra, bai viét ciing trinh bay mét s6 (ng dung tiéu biéu cua
két qua nay trong viéc chimg minh cac bat dang thae dbi xiig phuc tap va khao sat cau
trac dai sb tiém an cua chang.

2. PHUONG PHAP NGHIEN CUU

Nghién cttu nay sir dung phuong phép phan tich Iy thuyét Vél chitng minh toan hoc
nham ma rong bat dang thac Muwhead sang khong gian thuc | ". Trudc hét, chung toi
hé thong hoéa cac khai niém nén ting gdm quan hé majorization, ham d6i xing da bién

va cdu tric ciia cac da thirc P, (X). Trén co s& d6, mo hinh tong quat cho bat dang thirc
Muirhead dugc thiét 1ap théng qua viéc biéu dién lai cac ham ddi xtng theo vector mii
va khao sat diéu ki€n majorization trong mién thuc.

Céc k¥ thuat chuan hoa (scaling, d6i xing hoa) dugc ap dung nham giam bac tu
do cua bai toan va dua céc bién vé dang chuan. Phan chirmg minh dya trén hai cong cu
chinh: tinh chat Schur-convexity ctia cac ham do6i xtng lién quan va ap dung dinh ly
Karamata dé suy ra bat dang thic tvong tng giita cac da thuc P, (x) va P, (x).

Cubi cling, cac vi du duogc xay dung dé kiém chimg pham vi 4p dung cua két qua
mo rong, ddc biét trong cac trudng hop vector ¢6 phan tir am hodc thiéu dbi ximg.

3. KET QUA NGHIEN CUU

3.1. Mt s6 khai niém

Pinh nghia 1. ([6]) Cho mét bo n s6 thuc khong am a= (a;,a,,% ,a,) va mot bo
cac s6 thuc duong X= (X, X,,% , X, ). Chung ta dinh nghia:

i) Tong Cyclic (Viét tat: cyc ) ciia xx2 V4 x* 14 dai lugng
Q XX Ve X = xEXP Ve X + oxex@Vax™ + Lo+ xEx?Vaxh.
cyc

ii) Tong Symmetric (Viét tat: sym ) ciia x*x % x la dai luong

T(@) = T(xa) = § X" Vaxy = 201 XXt 7 X

sym SISy
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trong d6 tong sym dugc lay trén tat ca cac hoan vi (s (1),s (2),%,s (n) cua
(L2%,n), S, latap hop tat ca cac hoan vi caa {1,2,% ,n}.

i) Trung binh Symmetric cua x*x3 v x> 1a dai lugng
[x;a]= %T (x;a)
Chuing ta c6 thé sir dung ki hiéu ngan gon [a] thay cho ki hiéu [x;a] T (a) thay
cho T (x;@) khi phan tr x da duoc xac dinh rd.
Ménh deé 1. ([6])
1. Néu x,x,% x, =1 thi
[,.a,% a,]= da- r).(a- r)%.(@a,- r)i
ding véi moi r> 0 sao chocac a,- r..0.
2. Néu xx,% x, ...1thi
[a,.a,%.8,]...4a,- r).(a,- r).%,(a,- T}
dung véi moi r> 0 saochocac a - r ...0.
3. Str dung bat ddng thirc AM - GM, véi hai bo s6 thuc khdng &m a va b chling ta ¢6
alr b ¢+ bu
[ ]2 [b] 0
Nhan xét 1. Cho bd céac sé thuc khong am a= (a,,a,,% ,a,) va mot b cac sb

n

thue duong X= (X,%,%,X,) . Néu b= (as(l),as(z),% ,as(n)) , trong do
(s @.s (2),%,s (n)) 1amot hoan vi ciia {1,2,% ,n} thi chiing ta ludn ¢6
T(x;a)=T(x;b), [x;a]= [x;b]

Tiép theo ching ta gigi thiéu mot sé khai niém co ban vé so sanh cac b n sb.
Cho bo n s6 thuc khong am a= (a,,a,,% ,a,). Dé thay rang chang ta ludn c6 thé sap
Xép lai trat tu cac phan ta trong a dé sao cho

a ..a ..L ..a

Do d6 trong bai béo nay, khong mat tinh tong quét ching ta ludn c6 thé gia thiét
a ...a,..L ...a, khinoidénbo n sé a= (a,a,,%,a,). Ching ta xem xét khai
niém vé quan hé p cuahai bd n s6 thong qua dinh nghia sau:

Pinh nghia 2. ([6]) Cho hai bo n sé thuc khong am a= (ai,az,%,an) va
b= (b,b,,%,b,). Ching ta ndi bo b troi hon bo a, ki hidu la ap b hay bf a néu cac
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diéu kién sau thoa man (sau khi d sap xép lai trat ty cac phan tu trong a,b néu chua
dung diéu kién i)) nhu sau:

) a..a..L ...a;b..b...L ...b;

i) ay+a,+L +a,, b+b,+L +Db, véimoi mthoamén1l, m, n-1;

i) a+a,+L+a,= b+b,+L +b,.

3.2. Pinh 1y Muirhead trong trudong hop n bién

Cho bg n céc sé thuc khong am a= (a,a,,% ,a,) va x= (X, %,,% ,X,) 1a mot
bo cac bién thuc duong. Chiing ta nhic lai tong sym cac phan tir ciia x véi b s6 mil a
la dai luong

T(xa) =4 XX 7 X

ST

trong do tong sym duoc lay trén tat ca cac hoan vi cua 1,2,% ,n}; S, 1a tap hop
tat ca cac hoan vi cia {1, 2,% ,n}. Dinh 1y sau dwoc goi 1a dinh Iy Muirhead.

Pinh ly 1. ([10]) Cho hai b cac sé thuc khong am a= (a,a,,%,a,) va
b= (b,b,.,% ,b,). Khi dé, tong sym T (X;@) so sanh dugc véi tong sym T (x;b) dbi véi
moi bo cac bién thuc duwong X= (X, X,,% , X, ) khi va chi khi a va b so sanh dugc Véi
nhau theo quan hé p . Néu ap b thi

T(x;a), T(xb) 1)

Dang thtc xay ra khi va chi khi hoic a® b hoic x,= x,=L = x,.

Chirng minh. Truéc hét chling ta chimg minh diéu Kién can. Gia sir ¢6

T(xa), T(xb) 2)
ding v6i moi bo cac bién thuc (X, X,,% ,X,). Ta lay
XxX=X=L=x=¢
trong d6 ¢ la hang s, bat dang thuc (1.2) cho ching ta
cta, c'h 3)

dung v6i moi gia tri ¢> 0 16n tly y hay nho tiy y. Diéu nay kéo theo
a+a,+L+a= h+b+L+b
Tiép theo, cho x, = ¢,x, = L = x_ =1, bat dang thuc (1.2) cho ta
ch+ce+L +c™, cr+c2+L +Ch (4)
dang voi moi gid tri ¢> 0 tly y. Cha y rang do
a...a ..L ...a,b..b...L ..b
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nén c*+ c*+L + c* 1a da thirc bac a, va ¢ + ¢+ L + c™ 1a da thirc bac b,
dbi vai cung bién c. Do bt ding thac (4) dang voi moi ¢> 0 16n tly Y nén suy ra
a,, b, . Tuong tw, véi mdi k=1%,n- 1, ching ta cho x,=x,=L =x =c va
X, =L = x =1, bat dang thic (2) cho ta

P(). Q) 5)
dtng v6i moi gidtri ¢> 0 tiy y, trong do P(C) ladathucbac a + a,+ L + a,, Q(c)
ladathucbac b+ b, + L + a, . Do (1.5) dung voi moi giatri ¢> 0 Ion thy y nén ta co
ata+L+a. bbb+l +a
Nhu vay
ata+L+a ., bh+b+L +a
dung v&i méi k=1,% ,n- 1.
Bay gio chling ta chirg minh diéu kién du. Trude hét ching ta xay dung mot toan
tir tuyén tinh L dé bién doi mot bo n sé. Chang ta goi b= (b,,b,,% ,b,) 1a mot bo n
s6 nguyén khong am. Goi b, va b, 1a hai phan tir phan biét ciia b théa man b, > b,,
ching ta viét
b=r+t, b, =r-t0<t,r)
Khi d6 véi motsd s :0, s < t,, r chung ta xac dinh b a nhu sau:

+ -
ak:r+s:t Sbk+t Sbl,

2t 2t

t- t+
a,=r-s= Sbk+ Sbl,

2t 2t

a,=b, (0" kont )
Khi d6 chung ta viét a = L(b). Chi y rang, cach x4c dinh toan tir L nhu trén

khong yéu cau mot trong hai ddy a,b 1a ddy giam. Bé chirng minh dinh ly chiing ta can
hai b6 dé sau:

B6 daé 1. ([10]) Néu a= L(b) thi T(x;a), T(x;b). DAu bing xay ra khi
X =X=L=X.

Chirng minh. Ching ta sap xép lai (néu can thiét) thi tu cac phan tir trong bo b
saocho k=11=2,teclab ' b,. Khidd

T (x;b)- T(x;a)

_ 9 by 1 b, r+t . r-t r-tr+t r+s r-s r-sr+s
_aXSA‘Xn(X1 X  TX X - X X - XX )

sym

=8 Goe) D () )4 % )0

sym
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Hién nhién, néu x, = x, = L = x_ thi bién déi trén cho ta
T(xb)- T(x;a)=0

B0 dé duoc ching minh, 7 ‘

Bo de 2. ([10]) Néu ap b ya a' b thi a cé‘ thé nhan duoc tur b bang cach ap
dung mét s6 hiru han lan phép bién doi L. Tuc la ton tai mot s6 nguyén duong m sao
cho a= L"(b).

Chitng minh. Goi m 1a sé cac chi sé n1 {1,2,% ,n}sao cho b - a ' 0, hién
nhién m 1a mot ) nguyén duong. Ching ta s& ching minh rafmg chiing ta c6 thé ap dung
phép bién d6i Lm lan dé nhan dugc a tir b. That vay, tir diéu kién

ata+tL+a=b+b+L +h

ching ta suy ra trong m chi s6 n lam cho b - a ' 0 thi s& ¢6 ca chi s6 n lam
cho b,- a >0 vaco cachisdn lam cho b, - a, < 0 nhung chi s6 n dau tién trong
ching sé lam cho b - a > 0. Ching ta s& chon k,| nhu sau: | 1a chi s6 nho nhat lam
cho b- a, <0 va k<1 la chi s6 16n nhat lam cho b - a > 0 . Hién nhién
b,> a,..a > b nén b, > b, . bat

b=r+t;h=r-1t
va
s = max{a, - r|.Ja- r[}

Khi d6 it nhat mot trong hai dang thuc sau dung:

a-r=-s;a-r=s

vi a,..8,. Honniraching ta clingcé s <t Vi a, < b, va a > b . bat

C=r+s,¢c=r-s
c,=b, (0" kn' 1)

Khi do:
c, = a, hoac
a, = C.

Hién nhién c= L(b) vaséchisé n1 {,2,%,n}saocho c - a ' 0 bing m- 1

bit ¢= (c,,¢,,% ,C,), chling ta d& dang kiém tra ddy c la day giam va c6 quan hé
p véiday a,ticla ap c. Honnirados <t nén cp b.

Ching ta lap lai qua trinh trén khi thay thé ddy b bai day ¢ va thuc hién m lan
nhu thé chiing ta s& nhan duoc day a. Tiép tuc chimg minh dinh ly, tir B6 d& 2 ching ta
suy ra ton tai m sao cho a= L" (b). Tir B6 dé 3 ching ta suy ra T (x;a),, T (x;b). Binh
1y dugc ching minh.
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Nhan xét 2. ([8]) Bat dang thaec AM-GM 1a mét truong hop dic biét cua bat dang
thirc Muirhead. That vay, véi n sé thuc khong am batky: a,,a,,..,a ;1< ni N), ki hiéu

+a + .+
n

Va GM = /a »a," a,
e e 1
Ki hi¢u a= (a,,a,,..,a,). Khido AM = mT(a;(l,O,%,O))

& @
vaom-Lrfg 1, 18
n! nn
10

Hién nhién gl ~ V5D (1,0,%,0)

nén tir Binh ly 1. ching ta suy ra bat dang thirc quen thudc 1a bt dang thac AM-GM.
Do
& 1

H_%’ 2 (1,0,%,0)

nén dang thirc xay ra khi vachikhi a, = a,=L = a,.
3.3. Mot s vi du
Vidu 1. Véia, b,c>0,a * 1vaabc = 1thi
a® b c 3 [1]

+ + e —
b+c c+a a+hb 2

That vay, bat dang thirc can chirng minh tuong dwong véi:

§ a*(a+b)@@+c)... g(a+ b)(b+ c)(c+ a)(abc)%l

cyc

Bat dang thirc nay tuong duong voi
28 (a**+a*"'b+ a*"'c+ ahc)

cyc

g ats at2 a-l a2 ar2 ar2j
3kq a®b®c®+2a3b®cdz
sym %]
Tuong duong vai
® ats ar2 a-1%
éﬁ a**’- 3§ a’b3cdz
sym sym [}
FS) at5 a+2 719
+2§§1 a*'h- §a’b3c?z:
sym sym [}
x a+2 a+2 a+29
+ &3 a’bc- § a*bs3c? .0
sym sym [%)
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Do a..1 nén
afa+5 a+2 a- 10

3 3 39

+ + +
(all)f&a 2,a 2’a ZT
3 3 3
Nén bit dang thic cudi cung ding theo bat dang thirc Muirhead trong trudng hop

bo ba s6. D& dang kiém tra duoc dang thic xay ra khi va chi khi a= b=c=1.

(a+2,0,0)f (a+110)f

SIS

Nhan xét. Bai toan trén néu ching ta chon a = 2 vadat a= 1 b= i -1 thi
X y' oz
chung ta sé thu duoc bai toan IMO 1995 . o
Vi du 2. Cho ba s6 thuc duong a, b, ¢> 0 khi d6 ta c6 bat dang thuc:
a® N b? . c? 3(ab+ bc+ ca) [1]
b?- bc+c® c?- cata’® a’- ab+b?® at+b+c
That vay, vi
3(ab+ bc+ ca
atb+c... ( )
at+b+c
nén dé ching minh bai toan, ching ta s& chizng minh khang dinh sau:
a’ b’ c?

> >+ = >+ — > ...atb+c
b“- bc+ ¢ c°- ca+ a a“- ab+b

Bt dang thuc trén twong dwong Vi
, a(b+c)

3 3
we D+ C

...a+b+c

Hay
q a*(b+c)@’+b°)@+c?)...@a+b+c)a+b’)o°+c’)(c’ + a*)
cyc

Tuong duong véi bat ding thirc

5
4 (a’v+ a’c)(a®+ a’v’+ b’c’+ c’a’) ... (a+ b+ c)ga a’®+ 2a%’c’x
cyc sym ﬂ
hay
4 a’b+ 3 a’h*+ § a’v’c+ § a'b’c®
sym sym sym sym
.4 ab’+§ ah'+ § a’b’c+ § a'v’’
sym sym sym sym
R0t gon bat dang thire trén chung ta thu duoc
q a’b..g a'v’
sym sym
Bat dang thirc cudi cung dung theo bit ding thirc Muirhead. Dang thuc xay ra khi
va chi khi a=b=rc.
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4. KET LUAN

Bai bao d3 trinh bay mot hudng maé rong tu nhién caa bat dang thac Muirhead tir
khong gian ba chiéu sang khéng gian thuc n chiéu, véi cach tiép can dya trén ngén ngir
da chi s6 va ly thuyét majorization. Két qua thu duoc cho phép mé ta mot cach téng quét
hon mdi quan hé gitra cac biéu thire ddi xing va tha ty majorization trong | ".

Bén canh gié tri Iy thuyét, mé rong nay con cé ¥ nghia thuc tién trong viéc chuan
hoa va hé théng hda cac bat dang thire ddi ximg, giup don gian hda qué trinh ching minh
cac hé thirc phuc tap bang cach quy ching vé dang Muirhead tong quét. Ngoai ra, viéc
biéu dién bat dang thirc trong khuén khd dai s6 tuyén tinh va hinh hoc déi xang con goi
mé kha ning wng dung trong céc linh vuc lién quan nhu phan tich ham d6i xtng, t6i uu
hoa va dai s6 da thc.

Huéng nghién ctu tiép theo cd thé tap trung vao viéc mé rong bat ding thuc
Muirhead trong cac khong gian vecto c6 cau trdc khac (chang han khdng gian co trong,
khong gian affine hay khong gian chuan hoéa), ciing nhu khao sat phién ban phi tuyén
hodc x4c suét hda cua bat dang thirc nay.
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