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Abstract: In this paper, we study the Gevrey regularity of  solutions to the three-

dimensional generalized Navier-Stokes equations with fractional Voigt regularization. Our 

result improves and extends previous ones. 
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1. Introduction 

In this paper, we consider the following 3D generalized Navier-Stokes equations 

with fractional Voigt-regularization (fGNSV) on the torus 
3[ , ] = −  with periodic 

boundary conditions:  

2( ( ) ) ( ) ( ) ,

0,

r

tI u u u u p f

u

  + −   + − +  + =

 =  

(1.1) 

where 
1 2 3( , ) ( ( , ), ( , ), ( , ))u x t u x t u x t u x t=  represents the fluid velocity vector field, 

( , )p p x t=  is the scalar pressure, 0   is the constant kinematic viscosity, ( , )f x t  is the 

external body force, and ( )−  is the  -fractional Laplacian. The system (1.1) was 

recently studied in  for global well-posedness and Sobolev regularity. 

  In the case 1 = , (1.1) becomes the fractional Navier-Stokes-Voigt equations (fNSV): 

2( ( ) ) ( ) ,

0.

r

tI u u u u p f

u

  + −   −  +  + =

 =  

(1.2) 

The system (1.2) was recently studied in [3] for global well-posedness and related 

issues. Attractors and their dimensions of (1.2) are studied in [5].  

  In the case 1r = = , (1.1) becomes the  Navier-Stokes-Voigt equations (NSV): 

2( ) ( ) ,

0.

tI u u u u p f

u

  −   −  +  + =

 =  

(1.3) 
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The system (1.3) was first introduced by Oskolkov in [10] as a model of motion of 

certain linear viscoelastic fluids. The system (1.3) was also proposed by Cao, Lunasin, and 

Titi in [4] as a regularization, for a small value of  , of the 3D Navier-Stokes equations 

for the sake of direct numerical simulations. For the global well-posedness, regularity, 

asymptotic analysis, and applications of (1.2) and (1.3), we refer readers to [1, 2, 3, 4, 7, 8, 

10, 11] and references therein for more details. 

Motivated by [1, 7, 8], the main purpose of this paper is to investigate the Gevrey 

regularity of solutions to (1.1). The main result of the paper is the content of Theorem 3.1. 

The paper is organized as follows. In Section 2 , we recall the preliminaries. In Section 3 , 

we study the Gevrey regularity. In this paper, we denote by A B  an estimate of the form 

A CB , where C  is a non-dimensional positive constant that may change from line to line. 

2. Preliminaries 

Since we consider the torus where the spatial variable 3[ , ]x   = −  and periodic 

boundary conditions are assumed, we can restrict ourselves to dealing with initial data and 

f  with vanishing spatial averages; then the solutions will also enjoy the same property. 

Therefore, our paper can be used as preliminary material as outlined below: 

i) The velocity vectors 
3 3:u →  which are divergence-free, periodic and have zero 

spatial averages can be presented as follows: 
3 *: with , , 0 ,k k k k k k

k J

u u u u u u k k J −



=  =  =   
 

where 
ik x

k e = , 
3 {0}J =   . 

ii) Let   be the space of formal Fourier series  
3{ : , , },ik x

k k k k

k J

u u u e  



=  = 
 

and let   be the space of divergence-free trigonometric polynomials consisting of all u  

such that 0kk u =  for all k J  and 0ku =  for all but finitely many values of k J . 

iii)  We define the following spaces:  
3 * 2 2 2: { : , , , and : | | | | },s

s ik x s

k k k k k k kH
k J k J

H u u u u u u e u u k  

−

 

=  =  = = =    ‖ ‖

 
and 

3 * 2 2 2: { : , , , 0, and : | | | | },s

s ik x s

k k k k k k k kV
k J k J

V u u u u u u u k e u u k  

−

 

=  =  =  = = =    ‖ ‖

 
for each s . These spaces are also Hilbert spaces with scalar product  

2, | | .s

s

k kV
k J

u v u v k−



  = 
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We see that sV  is the closure of   in sH  with respect to the sH
‖ ‖  norm. For 

simplicity, we use the notation ,   to denote the scalar product in 0V  and also the dual 

pairing of  s sV V −−  by , : k k

k J

u v u v−


  =  . 

iv)  Let s  and 0  . We have the following compact embedding .s sV V+ 

Moreover, if 1 2s s  and 2su V , then  
1 2

.s s
V V

u u‖ ‖ ‖ ‖  If 
1 2(1 )s s s = + − , 0 1  , 

then 
1 2

1 .s s sV V V
u u u −‖ ‖ ‖ ‖ ‖ ‖  

v) We have continuous embeddings between sV  and ( )pL   as follows:  

If 
3

0
2

s   and 
1 1

2 3

s

p
 − , then  

( )
,p sL V

u u

‖ ‖ ‖ ‖  for all .su V  

If 
3

2
s = , then  

( )p sL V
u u


‖ ‖ ‖ ‖ for any finite p  and all .su V  

If 
3

2
s  , then 

( )
, for all .s

s

L V
u u u V 


‖ ‖ ‖ ‖  

vi) The linear operator 

1

2( ) = −  is defined as follows:  

| | with , .ik x

k k k k k

k J k J

u k u u u e   

 

 = = = 
 

We define the linear operator 
s  by | | .s s

k k

k J

u k u 


 = Thus, 
2( )s s− =  . Since 

s  preserves the divergence-free condition 0kk u = , we can infer that 
s  maps V

 onto 

sV−
. In particular, s  maps 

sV  onto 
0V  for all 0s  , so ( )s sD V = . It follows from 

the construction of 
s  that 0 .s

s

V V
u u= ‖ ‖ ‖ ‖  

Denote by P  the Leray-Helmholtz projection. It is the orthogonal projection from 

2 ( )L   onto 
0V  and 

s sP P  =  . 

vii)  For 0  , 0s   and the functions u  obeying 
2 | | 2| | ,

sk

k

k J

e u



   we define 

| | .
s sk

k k

k J

e u e u  



=  

We define the Gevrey class of oder 0s   for a given 0   as the domain of a 

particular class of operators parameterized by 0  :  
1 1

( ) : { : }.
s s

V
e u V e u 

     =   + ‖ ‖
 

If 1s = , then ( )e   is the space of real analytic functions (see, e.g., [6, 9]). 

Now, we apply the projection operator P  to eliminate the pressure. Due to the 

periodic setting, the weak formulation (1.1) is equivalent to the following abstract 

formulation:  
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2 2 2( ) ( , ) .r r

tI u u B u u P f

 +   +  + =
 

(2.1) 

where ( , ) : {( ) }B u v P u v=  . 

Our system should be supplemented with 2L initial data ( , ) ( )u x u x = . Let us start 

with the definitions of solutions for (2.1). 

Definition 2.1. (Weak solution)  Let  ,  ,  , and r  be positive real parameters. 

Given 
2 ( ;locf L   )V −

, 
ru V   and a fixed T  . A weak solution to (2.1) on the 

interval [ , ]T  is a function ( , )u t x  such that 

0 2 2([ , ]; ) ( , ; ) ( , ; ), ( , ; ),r

tu C T V L T V L T V u L T V     −      

where max{ , }r =  and, given any t   and 
5

max{ ; }
2

  = − , it satisfies ( )u u =  

and 

2( ), ( ), ( ), ( ( ), ), ( )
t t

r r ru t v u t v u s v ds B u s v u s ds 

 
   +    +    −      

 

                                                                                      
, ( ), ,

t

u v f s v ds


=   +    
(2.2) 

for a.e. [ , ]t T , v V  . 

Definition 2.2. (Regular solution) Let  ,  ,  ,  , and r  be positive real 

parameters. Given 
2 ( ;locf L   )V  − + , 

ru V 



+  and a fixed T  . We say that a 

function u  is a regular solution to (2.1) if u  is a weak solution to (2.1) and, in addition, 
2([ , ]; ) ( , ; ) ( , ; ).ru C T V L T V L T V      + +    

We denote 1 2= M M M , and 
1 2 3 4=   J J J J J , where 

1

5
: {( , ) 0, },

8
r r r =   M ∣

 

2

5
: {( , ) 0, },

4
r r r  =   + M ∣

 

1

5
: {( , ) 0, },

4
r r r =   J ∣

 

2

5 5
: {( , ) 0, 1,2 },

4 2
r r r r  =     + J ∣

 

3

5
: {( , ) 0, },

4
r r  =   J ∣

 

4

5 5
: {( , ) 0, 1,2 },

4 2
r r r   =     + J ∣

 
Let us recall the existence, uniqueness, and Sobolev regularity of weak solutions to 

(2.1).   

Theorem  2.1.  Let  ,  ,  ,  , and r  be real positive parameters. Assume that 
ru V   and 

2 ( ; )locf L V −  .  
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(i) If ( , )r  M , then the system (2.1) possesses a global weak solution obeying 

Definition 2.1 with the initial condition u . Furthermore, if ( , )r  J , then the global 

weak solution is unique and depends continuously on the initial data. 

(ii) If ( , )r  J , 
ru V 



+  and 
2 ( ; )locf L V  − +  , then the system (2.1) possesses 

a unique global regular solution obeying Definition 2.2 with the initial condition u . 

We also recall the following important lemma (see, e.g., [1, Lemma 4.1]). 

Lemma  2.1. Let 

11

2( )
s

su e



+

   and 

11 1

2 2( )
s

sv e



+ +

  , where 1s  , and 

5 1

2 2s
  + . We have  

1 1

2 2

2

( ) ( )
| ( , ), |

s s

L L
e B u v e v u v          


 ‖ ‖ ‖ ‖

 

                                  

1 1

2 2

1

22

( ) ( )
{ s s

s

L L
e u e v


  

+
 +  


‖ ‖ ‖ ‖

 

                                  

1 1 1

2 2 2

1 1

2 2

( ) ( ) ( )
.}s s s

s s

L L L
e v e u e v

 
   

+ +
  +   


‖ ‖ ‖ ‖ ‖ ‖

 

3. Gevrey Regularity 

In this section, we will study the Gevrey regularity of solutions to (2.1). The main 

result is the content of the following theorem. 

Theorem 3.1. Let  ,  ,  ,  , r , s  be real positive parameters such that 1s  , 

5 1

2 2s
  + , and let 0 0  . Assume that ( , )r  J , 

1

0

0 ( )
sru e

 +   and 

1

02 ( ; ( ))
s

locf L e
 

   , then there exists a unique solution u  of  (2.1) on [0, ]T  satisfying   
1 1

2 2

( ) 2 2 ( ) 2

( ) ( )
( ) ( )

s st r t r

L L
e u t e u t     +  


‖ ‖ ‖ ‖

1

2

( ) 2

( )0
( )

st

L
e u d     +   

‖ ‖
 

                           

1 1

0 0
2 2

2 2 2

0 0( ) ( )

s sr r

L L
e u e u
   

  +  


‖ ‖ ‖ ‖
     

                           

1

0
2

3 2

1 3 ( )0 0
2 ( ) 2 ( ) ,

st t

L
c d c e f d

    
+ +   

‖ ‖
 

for all [0, ]t T  and some positive constants 
1c , 3c , where ( )t  and ( )t  are determined 

by (3.4) and (3.6), respectively. 

Proof. Obviously, we have 

1

0( )
sr re V

 + +  . Therefore, the conclusions of 

Theorem 2.1 hold on [0, ]T . This implies that the case 0 0 =  is already covered by 

Theorem 2.1, so we can assume that 0 0  . Applying 

1

s

e   to both sides of  (2.1) and 

using the following identity 
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1 1 11

( ) ,
s s s

s
t te u e u e u


    

+
    =   −   

we get 

       

1 1 1

2 2 2[ ( )] ( , )
s s sr r

t e u u e u e B u u           +  +   +
 

 

                                                       

1 11

2 2( ) .
s sr rse u u e P f


  

 
+

 =  +  +
 

(3.1) 

We take the 2L -scalar product of (3.1) with itself 

1

s

e u  , we get 
1 1 1

2 2 2

2
2 2 2

( ) ( ) ( )

1

2 2

s s s
r

r

L L L

d d
e u e u e u

dt dt

      
   +   +  


‖ ‖ ‖ ‖ ‖ ‖   

                 

1 1

2 2

1 1

2 2 22 2

( ) ( )
{ }s sr rs s

L L
e u e u

 
  

+ +
 =  +  


‖ ‖ ‖ ‖

1 1

( , ),
s s

e B u u e u    −    

 

1 1

, .
s s

e P f e u   



 +      (3.2) 

Using the Cauchy-Schwarz inequality and Lemma 2.1, we deduce from (3.2) that 

 
1 1 1

2 2 2

2
2 2 2

( ) ( ) ( )

1

2 2 2

s s s
r

r

L L L

d d
e u e u e u

dt dt

          +   +  


‖ ‖ ‖ ‖ ‖ ‖  
 

   2

3

1 ( )L
c u 


‖ ‖

1

2

1

2 22

( )

sr rs

L
e u




+
+  


‖ ‖   

 

1 1

2 2

1

22
2 ( ) ( )

{ }s s
s

L L
c e u e u


   

+
 + +  


‖ ‖ ‖ ‖

1

2

2

3 ( )
,

s

L
c e f + 


‖ ‖

 
(3.3) 

for some positive constants 
1c , 2c , and 3c . 

We infer from the Sobolev regularity that   

2 ( )
( ) ( ), [0, ].

L
u t t t T    


‖ ‖

 
(3.4) 

We define the following functions:   
1 1

0 0
2 2

2 2 2

0 0( ) ( )
( ) : 1{ s sr r

L L
h t e u e u

   
= +  +  


‖ ‖ ‖ ‖

 
 

        

1

0
2

1

3 2 2
1 3 ( )0 0

2 ( ) 2 ( ) ,}st t

L
c d c e f d

    
+ +   

‖ ‖
            

(3.5) 

and  

2
0

( )

0( ) : .

t

c h d

t e
 

 
− =

 
(3.6) 

We deduce from (3.5) and (3.6) that ( ) 0h t  , and ( ) 0t   for all [0, ]t T . 

Therefore, we have 

2( ) ( ) ( ) 0, [0, ].t c h t t t T = −   
 (3.7) 
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Now we will prove that 
1

2

( )

( )
( ) ( ), [0, ].

st

L
e u t h t t T     


‖ ‖  (3.8) 

In the case of 0t = , (3.8) holds because of (3.5).  Setting 
* : sup{ 0, [0, ]t T =    such that (3.8) holds on [0, )}.   

Using (3.7), (3.8), and integrating (3.3) on *[0, ]t  implies that 

1 1

* *

2 2

( ) * 2 2 ( ) * 2

( ) ( )
( ) ( )

s st r t r

L L
e u t e u t     +  


‖ ‖ ‖ ‖

     

                                     

1*

2

( ) 2

( )0
( )

st

L
e u d     +   

‖ ‖  

 

                   

1 1

0 0
2 2

2 2 2

0 0( ) ( )

s sr r

L L
e u e u
   

  +  


‖ ‖ ‖ ‖   

1
* *

0
2 2

3 2

1 3( ) ( )0 0
2 ( ) 2 ( )

st t

L L
c u d c e f d

    
+  +  

‖ ‖ ‖ ‖ 2 *( ).h t  (3.9) 

We infer from (3.9) that (3.8) holds for *t t= . If *t T= , we have the result. If 
* ,t T

the strict inequality (3.8) holds for *[0, ]t t , and this can be extended in time beyond *t , 

contradicting the definition of *t . Hence, we claim that the strict inequality (3.8) holds for 

[0, ]t T . Therefore, we have 

1

22 ( )
0, [0, ].

s

L
c e u t T   +    


‖ ‖

 
(3.10) 

We deduce from (3.3), (3.7), and (3.10) that 
1 1

2 2

( ) 2 2 ( ) * 2

( ) ( )
( ) ( )

s st r t r

L L
e u t e u t     +  


‖ ‖ ‖ ‖

1

2

( ) 2

( )0
( )

st

L
e u d     +   

‖ ‖
 

 

1 1

0 0
2 2

2 2 2

0 0( ) ( )

s sr r

L L
e u e u
   

  +  


‖ ‖ ‖ ‖
 

 

                     

1

0
2

3 2

1 3 ( )0 0
2 ( ) 2 ( ) .

st t

L
c d c e f d

    
+ +   

‖ ‖
 

(3.11) 

The proof of Theorem 3.1 is completed using (3.11) and the standard Faedo-Galerkin 

approximation. 

Remark 3.1. The result of Theorem 3.1 can be extended to any interval [ , ]T . Moreover, 

in the case of 1s = , Theorem 3.1 implies that the solutions of (2.1) are analytic on [0, ]T . 

References 

[1]     C.T. Anh and P.T. Trang (2017), On the regularity and convergence of solutions to 

the 3D Navier-Stokes-Voigt equations, Comput. Math. Appl. 73(4):601-615. 



On the gevrey regularity of  solutions to the three dimensional generalized Navier-Stokes equations with 

fractional Voigt regularization 

194 

[2]     M. Bohm (1992), On Navier-Stokes and Kelvin-Voigt equations in three dimensions 

in interpolation spaces, Math. Nachr. 155, 151-165.  

[3]     Z. Brzezniak, A. Larios, and I. Safarik (2025), Fractional Voigt-Regularization of 

the 3D Navier–Stokes and Euler Equations: Global Well-Posedness and Limiting 

Behavior, J. Math. Fluid Mech. 27, 45. 

[4]   Y. Cao, E.M. Lunasin, and E.S. Titi (2006), Global well-posedness of the three-

dimensional viscous and inviscid simplified Bardina turbulence models, Commun. 

Math. Sci. 4, 823-848. 

[5]     A. Ilyin, V. Kalantarov and S. Zelik (2026), Attractors and their dimensions for the 

3D Fractional Navier-Stokes-Voigt Equations, Discrete Contin. Dyn. Syst. Ser. S . 

26, 303-327. 

[6]      F. John (1982), Partial Differrential Equations, Springer, New York. 

[7]      V.K. Kalantarov, B. Levant and E.S. Titi (2009), Gevrey Regularity for the Attractor 

of the 3D Navier-Stokes-Voight Equations, J. Nonlinear. Sci. 19, 133-152. 

[8]      A. Larios and E. S. Titi (2010), On the higher-order global regularity of the inviscid 

Voigt-regularization of three-dimensional hydrodynamic models, Discrete and 

Continuous Dynamical Systems-B, 14(2):603-627. 

[9]     C.D. Levermore and M. Oliver (1997), Analyticity of solutions for a generalized 

Euler equation, J. Differential Equations 133, 321-339. 

[10]   A.P. Oskolkov (1973), The uniqueness and solvability in the large of boundary value 

problems for the equations of motion of aqueous solutions of polymers, Zap. Nauchn. 

Sem. Leningrad. Otdel. Math. Inst. Steklov. (LOMI) 38, 98-136. 


