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Abstract: In this paper, we study the Gevrey regularity of solutions to the three-
dimensional generalized Navier-Stokes equations with fractional Voigt regularization. Our
result improves and extends previous ones.
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1. Introduction

In this paper, we consider the following 3D generalized Navier-Stokes equations
with fractional Voigt-regularization (fGNSV) on the torus T =[-7, 7]’ with periodic
boundary conditions:

(I + (=N u+v(-A u+w-Vu+Vp=f,
(1.1)
V-u=0,
where u(x,t) = (u,(x,1),u,(x,t),u;(x,t)) represents the fluid velocity vector field,
p = p(x,t) is the scalar pressure, v >0 is the constant kinematic viscosity, f(x,?) is the
external body force, and (—=A)” is the [ -fractional Laplacian. The system (1.1) was
recently studied in for global well-posedness and Sobolev regularity.
Inthe case S =1, (1.1) becomes the fractional Navier-Stokes-Voigt equations (fNSV):
(I +(—=a*AN))ou—vAu+u-Vyu+Vp = f,
V-u=0.

The system (1.2) was recently studied in [3] for global well-posedness and related
issues. Attractors and their dimensions of (1.2) are studied in [5].

In the case » = =1, (1.1) becomes the Navier-Stokes-Voigt equations (NSV):
(I-a’AN)ou—vAu+u-Vu+Vp=f,
V-u=0.

(1.2)

(1.3)
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The system (1.3) was first introduced by Oskolkov in [10] as a model of motion of
certain linear viscoelastic fluids. The system (1.3) was also proposed by Cao, Lunasin, and
Titi in [4] as a regularization, for a small value of « , of the 3D Navier-Stokes equations
for the sake of direct numerical simulations. For the global well-posedness, regularity,
asymptotic analysis, and applications of (1.2) and (1.3), we refer readers to [1, 2, 3,4, 7, 8,
10, 11] and references therein for more details.

Motivated by [1, 7, 8], the main purpose of this paper is to investigate the Gevrey
regularity of solutions to (1.1). The main result of the paper is the content of Theorem 3.1.
The paper is organized as follows. In Section 2, we recall the preliminaries. In Section 3,
we study the Gevrey regularity. In this paper, we denote by 4 < B an estimate of the form

A< CB,where C is anon-dimensional positive constant that may change from line to line.
2. Preliminaries

Since we consider the torus where the spatial variable x € T =[—x, 7]’ and periodic
boundary conditions are assumed, we can restrict ourselves to dealing with initial data and
f with vanishing spatial averages; then the solutions will also enjoy the same property.
Therefore, our paper can be used as preliminary material as outlined below:

i) The velocity vectors u : R> — IR® which are divergence-free, periodic and have zero
spatial averages can be presented as follows:

u ::Zuk¢k withu, e C’,u, =u_,,u, k=0 VkeJ,

keJ
where ¢, =", J =7 \_{0}.
i) Let F be the space of formal Fourier series

{u= Zukgék, u eC’, g =e"},

keJ
and let )V be the space of divergence-free trigonometric polynomials consisting of all u € F
such that k-u, =0 forall k €J and u, =0 for all but finitely many values of k € J .
ii1) We define the following spaces:

H ={ueF:u=Y ud,u cCu =u,,¢ =" andlul® = [|k[*<oo},

keJ keJ
and
V=fueF =Y ud,u, €Cu =uu k=0,¢ =" andlull’ = [|k[*<oo},
keJ keJ

for each s € R. These spaces are also Hilbert spaces with scalar product

u,v),. :Zuk v k.

keJ
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We see that V7 is the closure of V in H® with respect to the Il -l .~ horm. For

simplicity, we use the notation (-,-) to denote the scalar product in ¥° and also the dual

pairing of V* —V"" by (u,v) = Zuk V.

keJ
iv) Let seR and & > 0. We have the following compact embedding V*™* cc V"”.
Moreover, if s, <s, and u € V', then lull , Slull . If s=ys +(1~-y)s,, 0<y <1,
then ol Sall? Ml 'V‘f .

v) We have continuous embeddings between V* and L”(T) as follows:

1_1
If0£s<i and—Z——%,then IIuIILp(T)SIIuIIV“ forall uel”.
p
3
Ifs:E,then "u"L”('JI‘)S"u"V“ for any finite p and all u V",
its>> thenlull . <lull  foralluel*
s>2,then lull ., Shull,. foralluey”.

1
vi) The linear operator A =(—A)? is defined as follows:

Au = Z|k | uk¢k Wlth u= Zuk¢kﬂ ¢k — eik-x'

keJ keJ

We define the linear operator A’ by A'u = Z|k " u,@,. Thus, (=A)° = A*. Since

keJ

A’ preserves the divergence-free condition & -u, =0, we can infer that A* maps V' onto
V%= . In particular, A® maps V* onto V° forall s >0, so D(A*)=V". It follows from
the construction of A" that Il u |l ) =l Afull b -

Denote by P the Leray-Helmholtz projection. It is the orthogonal projection from
L*(T) onto V° and PA* =A°P,.

vii) For >0, s >0 and the functions u obeying Zez"'k‘x |u, |'< o, we define
keJ

" '
e u= Ze”‘k‘ u,g,.

keJ
We define the Gevrey class of oder s >0 for a given >0 as the domain of a
particular class of operators parameterized by o >0:

D(Are"’\;) ={uelV e ull e < +00}.
If s=1, then D(A%e™) is the space of real analytic functions (see, e.g., [6, 9]).

Now, we apply the projection operator P to eliminate the pressure. Due to the

periodic setting, the weak formulation (1.1) is equivalent to the following abstract
formulation:
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(I+a” N°")o,u+vA*u+B(u,u)=P,f. (2.1)
where B(u,v) =P {(u-V)v}.
Our system should be supplemented with L’ initial data u(z,x) =u_(x) . Let us start

with the definitions of solutions for (2.1).
Definition 2.1. (Weak solution) Let v, o, £, and r be positive real parameters.

Given fel, (R; V"), u eV andafixed T > 7. A weak solution to (2.1) on the
interval [7,T] is a function u(¢,x) such that

ueC(o,TEVOYNL (o, TV YN L (2, T; V), 0u € I(¢,T; V),
where 77 =max{f,r} and, given any ¢ >7 and y = max {% —n;n}, it satisfies u(z) =u,

and

(u(t),v)+ a’ (Nu(t),AN'v)+ VJ: (Aﬂu(s), Aﬁv>ds - J: (B(s),v),u(s))ds

=@ )+ [ Ewds,  22)

forae. te[r,T], velV’.
Definition 2.2. (Regular solution) Let v, a, £, o, and r be positive real
parameters. Given f el (R; V7)), u eV’ and a fixed T>7. We say that a

loc

function u is a regular solution to (2.1) if u is a weak solution to (2.1) and, in addition,
ueC(z,TLV)YNL (7, T;V"™ )N L (7, T; V7).
We denote 9 =9, UIMN,,and J=J, UJ, U, UJ,, where

M, = {(r, Bl r2ﬂ>0,r2§},

M, = {(r. B ,B>r>0,,6’+r2%},

3, ={@, P r2ﬂ>0,r2%},

3, =1 Pl r2,8>0,%>r21,2r+,82%},
3= 0PI frr> 022,

3, ={r, Pl ﬂ>r>0,%>ﬁ21,2,8+r2%},

Let us recall the existence, uniqueness, and Sobolev regularity of weak solutions to
(2.1).

Theorem 2.1. Let v, a, B, 0, and r be real positive parameters. Assume that
u, eV and fel (R;V7").
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(1) If (7, B) e M, then the system (2.1) possesses a global weak solution obeying
Definition 2.1 with the initial condition u_. Furthermore, if (7, )€ J, then the global

weak solution is unique and depends continuously on the initial data.
G)If (r, P e, u. V'™ and f e L, (R;V "), then the system (2.1) possesses

loc

a unique global regular solution obeying Definition 2.2 with the initial condition u_ .

We also recall the following important lemma (see, e.g., [1, Lemma 4.1]).
1 1 1.1 1

S+— 4§ St—t= 3
Lemma 2.1. Let ueD(A *e™') and veD(A 2 2e™), where s>1, and

5 1
0 >—+—.We have
2s
! !
[(A%e™ B(u,v),A%™ v) |<I A%ull, ) A%y IIiZ(T)
1 n
5 o‘Af 2 o‘Af 2
ol AUl A e VIR,
: o+ ! 2 1 !
5 _ohs 25 OAS tog oAs }
+1 Ae vlle(T)llA e ||L2(T)||A S vlle(T) .

3. Gevrey Regularity

In this section, we will study the Gevrey regularity of solutions to (2.1). The main
result is the content of the following theorem.
Theorem 3.1. Let v, a, f, &, r, s be real positive parameters such that s>1,
5

! :
o> 5 + 55 and let o0,20. Assume that (r,f)eJy, u,e D(A e ) and
s

fel (R; D(A‘S "°A: )) , then there exists a unique solution u of (2. l) on [0, 7] satisfying

LA U@, +a I AN Au(r) 12,0, 4V [ N A% N N I

1 1

5 oyAS 2 2r 5 GyAS A 2
< 0 0
<l A%e™ u, ||L2(T) +a” Il A%™ Au, |l 2o

+2¢, j K> (n)dn +2¢, j I A% f(77) 2. d
for all # €[0,7] and some positive constants ¢,, ¢,, where x(¢) and O'(t) are determined

by (3.4) and (3.6), respectively.

I2(T) LZ(T)

1
Ar+5eUOAS

Proof. Obviously, we have D( )< V"*° . Therefore, the conclusions of

Theorem 2.1 hold on [0,7]. This implies that the case o, =0 is already covered by
Theorem 2.1, so we can assume that o, > 0. Applying A%e to both sides of (2.1) and
using the following identity

191



On the gevrey regularity of solutions to the three dimensional generalized Navier-Stokes equations with
fractional Voigt regularization

1 1 1 1
< . 5 O+— 5
o oA o _OA? . ¢ OAS
AN°e™ Ou=0,(Ae" u)y—oA ‘e’ u,

we get

B [A%e™ (u+a® A u)]+vA°e™ A u+ A%e”™ B(u,u)
1 1 1
O+— 5 S
=A™ (u+a ATu)+ AN P f. 3.1)
We take the [ -scalar product of (3.1) with itself Ale™ , we get

1d S a’ d
— DA™ ull?,  +=—— =1
2 dt EM 2 dt

1

5 _oAS A B, |12
+vll A’ Aullem

? ('Jl‘)}

1
Ale™ Aull?

L(T)

1 1 1
S+ — s o+ 5
—o{l A e ulls, e IA" 2™ Aull?

(T)
—(A"‘e‘TA;B(u, u), A‘SeUAELO
HA%e™ Pf,A°e™ u). 3.2)

Using the Cauchy-Schwarz inequality and Lemma 2.1, we deduce from (3.2) that

1d 5 a’ d 3 v 5
5? I A%e™ u Ililmr) + 3 =A™ A'u IIEZ(T) +E I A%e™ APu IIEZ(T)
t t
1 1
o+— N
< o 3 - 2r 25 JONS AT 2
<¢ M A%ull, J+oa™ IA e Aull,
! sl !
. 5 _oA* 25 ONS 2 5 oA 2
+{0+020 I A°e™ u IILZ(T)} A 2e™ u IILZ(T) +c, Il A°e fIILz(T), (3.3)
for some positive constants c,, ¢,, and c;.
We infer from the Sobolev regularity that
s
A u@)ll, S x(t),Vt€[0,T]. (3.4)

We define the following functions:

1 1
h(t) =+ A2 u 12, +a® I A%e Au, 112

I2(T) I (T)
! 1
2, [ ydn+2¢,[ N A fa) 12, ) dn}?, (3.5)
and
o) = e WP (3.6)

We deduce from (3.5) and (3.6) that A(z) >0, and o(#) >0 for all #<[0,77].
Therefore, we have
o(t)=—c,h(t)o(t) <0, Vvt €[0,T]. (3.7)
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Now we will prove that
I A% u(t) i

In the case of # =0, (3.8) holds because of (3.5). Setting
t =sup{f>0,6 €[0,T] such that (3.8) holds on [0,6)}.
Using (3.7), (3.8), and integrating (3.3) on [0, ] implies that

<h(t),Vt<[0,T]. (3.8)

L(T)

| AZemOn w12 +a® I A% w Au() N2

12(T) ()

+v j | AZeotn APu@m) I?

1 1

5 ouAS 2 2r S5 GyAS A 2
< 0 0
<l A%e™ u, ||L2(T) +a” Il A%™ Au, |l 2

Lzmr)

+2¢, j I A u@) I, ., di+2c j | ASem S, dn < (). (3.9)
We infer from (3.9) that (3.8) holds for t=¢ . If £ =T, we have the result. If ¢ < T,

the strict inequality (3.8) holds for ¢ €[0,#], and this can be extended in time beyond ¢,

contradicting the definition of ¢ . Hence, we claim that the strict inequality (3.8) holds for
t €[0,T]. Therefore, we have

g+eol A‘Se"A;ulle(T)< 0,vte[0,T]. (3.10)
We deduce from (3. 3) (3.7), and (3.10) that

Il A° ““Wu(t) 1%, +a™ Il A’ U“WA’u(z )2

IX(T) *(T)
[ A% N Ay ) 12 e d
<l A‘se"‘)’éu0 I izm +a* |l Aae""A%Aruo Il EZ(T)
+2c1j K (n)dn+2c3j I A%e™ f(n) 1%, d (3.11)
The proof of Theorem 3.1 is completed using (3.11) and the standard Faedo-Galerkin

approximation.
Remark 3.1. The result of Theorem 3.1 can be extended to any interval [7,7"]. Moreover,

in the case of s =1, Theorem 3.1 implies that the solutions of (2.1) are analytic on [0,77].
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