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Abstract: In this paper, we study Hyers-Ulam stability, well-posedness, and data
dependence for mappings satisfying a Fisher-type inequality. Assuming that the mapping T
has a fixed point z , we first show that the Fisher-type inequality implies the unique-preimage

property T ({z}) ={z}. This structural property yields the global residual estimate
d(x,2) Slid(x,Tx), xe X , where ¢ <[0,1) is the Fisher parameter. Consequently,
—C

Hyers—Ulam stability and well-posedness follow in an arbitrary metric space, without
compactness, completeness, or continuity assumptions. Data dependence is treated
separately: if a perturbed mapping S has a fixed point w and satisfies d(Tx, Sx) <7 for

all xe X ,then d(z,w) <7/ (1-c).Combining these abstract estimates with the fixed point

theorems in [10], we obtain existence, uniqueness, convergence, and stability conclusions in
boundedly compact and T -orbitally compact metric spaces, and in complete metric spaces
under an additional asymptotic condition. Finally, we present an example of a discontinuous
mapping, together with numerical illustrations.

Keywords: Fixed point; Fisher-type contraction; well-posedness; Hyers—Ulam stability;
data dependence.

1. Introduction

The Banach contraction principle is a standard tool for solving the fixed point equation
Tx =X in metric spaces. A large part of the subsequent literature concerns contractive
conditions that differ from the Lipschitz form, including Kannan-, Chatterjea-, and Ciri¢-
type inequalities (see [12], [4], [5]), as well as extensions to generalized metric settings.
In [7], Fisher considered mappings on compact metric spaces satisfying the
inequality
d(Tx,Ty)" <d(x,Tx)d (y,Ty)+cd (x,Ty)d (y,Tx), x =, 1)

for some Ce[O,l). In [10], Hoc et al. extended Fisher’s fixed point theorem by

establishing existence and uniqueness of fixed points for Fisher-type mappings under
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significantly weaker assumptions: they replaced the compactness of the space with weaker
topological conditions such as completeness, bounded compactness, or T -orbital
compactness, and relaxed the continuity of T to orbital continuity.

The present paper studies several stability aspects of fixed point problems for mappings
satisfying the Fisher-type inequality (1). In particular, we consider three related notions:
Hyers-Ulam stability, well-posedness, and data dependence. Our main objective is to develop
general techniques for establishing these properties within the Fisher-type framework.

Our approach is based on a simple structural consequence of the Fisher-type inequality.
We show that if z is a fixed point of T, then z has no preimage other than itself, i.e.
T '({z}) ={z}. This unique-preimage property is the key point that yields the global residual
estimate used throughout the paper whenever a fixed point exists. We then apply the general
results to the metric space classes treated in [10], thereby obtaining complete statements
combining existence and stability. Finally, we present an example of a discontinuous mapping
showing that the conclusions do not rely on the global continuity of T .

Stability properties of fixed point problems play an important role in applications,
especially when exact solutions are difficult to compute or when the underlying data are
subject to perturbations. Hyers—Ulam stability ensures that approximate solutions
generated by numerical algorithms or measurement errors remain close to true fixed points.
Well-posedness guarantees robustness of the fixed point problem with respect to small
perturbations, while data dependence provides explicit quantitative estimates describing
how fixed points vary under changes of the operator. Such properties are relevant in
numerical analysis, optimization, iterative methods, and the study of nonlinear functional
and integral equations.

The quantitative core of the paper is the following global residual estimate:

d(x, z)sid(x,Tx), Xe X,
1-c

where Z is the fixed point of T . This estimate directly yields Hyers—Ulam stability
and well-posedness. Applied to a fixed point W of a perturbed mapping S satisfying

d(TX,SX) <77 for all X X it also gives the data-dependence bound 9(zW) <77/(1-c)
2. Preliminaries

We begin by recalling the basic notions related to fixed point problems.
Definition 2.1 ([9]). Let (X , d) be a metric space and T : X — X be a mapping. A

point z € X is called a fixed point of T if Tz =z.
The set of all fixed points of T is denoted by Fix(T)={xe X :Tx=x}.

The problem of finding a fixed point of T is called the fixed point problem associated
with T .

Definition 2.2 ([6]). A metric space (X .d ) is said to be boundedly compact if every
bounded sequence in X has a convergent subsequence.
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It is easy to see that every compact metric space is boundedly compact, but the converse is

not true. For instance, the Euclidean space R" with the usual metric is boundedly compact
(every bounded sequence has a convergent subsequence by the Bolzano—\Weierstrass
theorem), but it is not compact.

Definition 2.3 ([5]). Let (X , d) be a metric space and T be a self-mapping on X .
The orbitof T at xe X is defined as O, (T )= {x,Tx,sz,T3x,...}.

Definition 2.4 ([8]). Let ( X,d) be ametric space and T : X — X . The space X is
said to be T -orbitally compact if every sequence in the orbit O, (T) = {x,Tx,T %X, .. } has

a convergent subsequence for all xe X .
Definition 2.5 ([2]). Let (X,d) be a metric space and T:X — X be a self-

mapping. T is said to be orbitally continuous at a point z in X if for any sequence
{x,} =0, (T) for some x & X,x, =z as h—co implies Tx, > Tz as N —> .

We now recall the stability concepts which are the focus of this paper.
Definition 2.6 ([15]). Let (X , d) be a metric space and T : X — X be a mapping.

The fixed point problem for T is said to be well-posed if:
T has a unique fixed point ze X ;

For any sequence {X,} < X such that limd(x,,Tx,)=0, we have limx, =z.

n—oo nN—oo
Remark 2.7. This concept was introduced by Reich and Zaslavski [15] and further
developed for multivalued operators in [13, 14].

Definition 2.8 ([3]). Let (X , d) be a metric space. Let T : X — X be an operator

having a unique fixed point z, and let S: X — X be another operator with Fix(S) =0,

The fixed point problem is said to have the data dependence property if there exists a
constant K > 0 such that

d(z,w) < Ksupd(Tx,Sx)

xeX

for every weFix(S).

Finally, we recall the concept of Hyers—Ulam stability. The concept of stability for
functional equations originated from a question raised by Ulam [18] in 1940, concerning
the approximate homomorphisms of groups. In the following year, Hyers [11] provided the
first affirmative answer to Ulam’s question for additive mappings on Banach spaces. The
connection between this stability concept and fixed point theory has been extensively
studied by Rus [16, 17]. In particular, we adopt the formal definition provided in [17,
Definition 2.2] and use the term Hyers—Ulam stability throughout this paper.

Definition 2.9. Let (X,d) be a metric space and let T : X — X be an operator. The

fixed point equation x =Tx is said to be Hyers—Ulam stable with constant K; >0 if, for

every € >0 and each x e X satisfying
d(x,Tx)<e, 1)
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there exists a solution z € FiX(T) such that
d(x,z) <K e )
Definition 2.10 ([1]). Let (X,d) be a metric space and let T:X — X be a
mapping. For x, € X , the sequence {x,} defined by

X, =TX 4, Nn>1,

n-1?
is called the Picard iteration sequence with initial point X, .
The mapping T is said to be a Picard operator if it has a unique fixed point and every

Picard iteration in X converges to the fixed point.
Remark 2.11. In the terminology of Rus [16, 17], an operator T is called a weakly

Picard operator if, for every x e X, the sequence of successive approximations (T "X)

converges to a fixed point of T . A weakly Picard operator having a unique fixed point is
called a Picard operator. Moreover, if a Picard operator with unique fixed point z satisfies
d(x,z) <Cd(x,Tx) for all xe X, then it is a C -Picard operator. According to [17],

every C -Picard operator is Hyers—Ulam stable.

3. Results

In this section, we establish Hyers—Ulam stability, well-posedness, and data
dependence for Fisher-type mappings in a general metric space setting. Theorems 3.3 and
3.4 use only the Fisher-type inequality and the existence of a fixed point; no compactness,
completeness, or continuity assumptions are required. The data-dependence result
additionally assumes that the perturbed mapping has a fixed point and is uniformly close
to the original mapping.

Lemma 3.1. Let (x.d) be a metric space and let T : X = X satisfy (1) for some

ce [0’1). Then:

(i). T has at most one fixed point.

,l _
(ii). If Z is a fixed point of T , then T ({Z}) - {Z} - equivalently, y£z=>Ty#12

Proof. (i) Suppose 2 * 2 and Ty =2 T2,=12, Applying (1) to (z.2,) yields
d(z,z2, )2 =d (Tzl,Tzz)2 <cd(z, 22)2 :

1-c)d(z,2,) <0

hence ( , a contradiction.

(ii) Let TZ=2 and assume Y7Z with Y=2 Then 1Y=TZ whie Y72,

Applying (1) to (y, Z) gives
0=d(Ty,Tz)2 <d(y,Ty)d(z,Tz)+cd(y,Tz)d(z,Ty) =0,

a contradiction. Thus Ty#12 forall Y72,
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Remark 3.2. The conclusion of Lemma 3.1(ii) is a structural feature specific to the

Fisher-type inequality (1). It guarantees that d(Ty.z)>0 y=#12

essential for dividing by d (Ty, Z) in the stability-type estimates.
We first establish Hyers—Ulam stability for Fisher-type mappings.
Theorem 3.3. Let (X+9) be ametric space and let T : X = X satisfy (1) with some

Ce[o’l). Assume that T has a fixed point Z. Then the fixed point equation X=TX is
Hyers—Ulam stable with the constant

whenever , which is

1
1-¢
More precisely, the following global residual estimate holds for every yeX :

1
dly,z)<7—d(y.Ty), yeX.

KT

Proof. If =0 and X contains a point ¥ * Z, then applying (1) to (ZY) gives

2 —
d(zTY)" <0 \which is impossible. Hence X =12}, and the conclusion is immediate.

Assume now that 0<¢<1 andlet Y€ X . 1f Y =2 the estimate is trivial. Assume Y * 2
. By Lemma 3.1(ii), Ty=1 , hence d(z,Ty)>0 Applying (1) to X=Z and ¥ yields
d(z,Ty)? <d(z,Tz)d(y,Ty) +cd(z,Ty)d(y,Tz) =cd(z,Ty)d(y, 2).
Since d(z,Ty)> 0, division gives
d(z,Ty) <cd(y, 2).

Using the triangle inequality,
d(y,z) <d(y,Ty)+d(Ty,z) <d(y,Ty) +cd(y, 2).
Hence
@—c)d(y,z) <d(y,Ty),
and therefore

d(y, z)slid(y.Ty).
—C

i d(y.Ty) <€ the last estimate gives d(y,2)<e/(-c) Therefore, the fixed

point equation is Hyers—Ulam stable with constant Ky =1/(-¢) :
Next, we address the well-posedness of the fixed point problem.
Theorem 3.4. Under the assumptions of Theorem 3.3, the fixed point problem for

T is well-posed. In particular, if fu.}=X d(u,, Tu,) =0 Un =2

n—oo

satisfies , then as

Proof. By Lemma 3.1(i), Z is the unique fixed point of T . Applying Theorem 3.3
with ¥ =Y we obtain

d(un,z)sid(un,Tun).
1-c
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Taking the limitas N = we obtain d(u,,2) _>0, ie., Un =2 gs N >0 Thus,
the fixed point problem for T is well-posed.

Finally, we investigate the data dependence of fixed points.

Theorem 3.5. Let (X+@) pe a metric spaceand let T - X = X satisfy (1) with some
cel0D) Assumethat T has a fixed point Z. Let S X — X pe another mapping having
a fixed point W . If there exists 77 20 such that

d(Tx,Sx)<n, xeX,
Then

d(z,w <
1

Proof. Since SW=W  the uniform closeness assumption, applied at X=W gives
d(w,Tw) =d(Sw, Tw) <.

Applying the global residual estimate in Theorem 3.3 with Y=W we obtain
d(z,w) =d(w,2) < d(w,Tw) <.
1-c l1-c

We now illustrate how the abstract stability results obtained above can be combined
with existing fixed point existence theorems to derive complete conclusions, including
existence, uniqueness, convergence of Picard iterations, and stability properties, in several
important classes of metric spaces from [10].

As a first application, we consider boundedly compact metric spaces, which extend
the classical compact setting originally studied by Fisher.

Corollary 3.6. Let (X,d) peqa boundedly compact metric space and let T : X — X
be orbitally continuous. Assume that (1) holds for some ce[01) . Then T has a unique

n
fixed point Z€ X and, for every X€ X | the Picard iteration (T"x) converges to Z.

Moreover, the fixed point equation for T is Hyers-Ulam stable with constant

Ky =1/-C) and the fixed point problem is well-posed. In addition, if S:X = X has

a fixed point W and there exists 7 20 such that d(TXSX) <77 g0 a1 Xe X | then
d(z,w)gn/(l—c)_
Proof. By [10, Theorem 2.2], T is a Picard operator; hence it has a unique fixed

point Z and T'X—>7Z for all XeX Hyers—Ulam stability and well-posedness follow
from Theorems 3.3 and 3.4, respectively, and the final data-dependence estimate follows
from Theorem 3.5.

The next result addresses the case of T -orbitally compact metric spaces, which
allows the compactness assumption to be restricted to the orbits of the mapping.

Corollary 3.7. Let (X,d) be a T -orbitally compact metric space and let
T:X = X be orbitally continuous. Assume that (1) holds for some ¢ €[01) Then T
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n
has a unique fixed point Z € X and, for every X € X | the Picard iteration (T7x) converges

to Z. Moreover, the fixed point equation for T is Hyers-Ulam stable with constant

Kr =17-C) ‘and the fixed point problem is well-posed. In addition, if S:X — X has

a fixed point W and there exists 720 such that d(TXSX) <7 gor al xe X | then
d(z,w)gn/(l—c).

Proof. The existence and uniqueness of the fixed point, as well as the convergence
of T'X for all X€ X , follow from [10, Theorem 2.3]. Hyers—Ulam stability and well-
posedness follow from Theorems 3.3 and 3.4, respectively, and the final data-dependence
estimate follows from Theorem 3.5.

Finally, we apply the general framework to complete metric spaces under an

additional asymptotic regularity condition, recovering convergence and stability of the
Picard iteration.

Corollary 3.8. Let (X:9) be a complete metric space and let T: X = X satisfy
(1) with some ¢ E[O’l). Assume further that, for every X€ X and every € >0 there
exists 0 >0 such that

d(T'%TIx)<e+8=d(T"% T "x) <, Vi, je NU{0}.

Then T has a unique fixed point Z € X and, for every X € X | the Picard iteration

n
(T"x) converges to Z. Moreover, the fixed point equation for T is Hyers—Ulam stable

with constant Ky =1/(1—c)' and the fixed point problem is well-posed. In addition, if

S:X =X has a fixed point W and there exists 720 such that 9(T%SX) <77 gor 4
Xe X , then d(Z,W) S77/(1_(:) .
Proof. The Picard property follows from [10, Theorem 2.4]. Hyers—Ulam stability

and well-posedness follow from Theorems 3.3 and 3.4, respectively, and the final data-
dependence estimate follows from Theorem 3.5.

4. Example and Numerical Illustration

In this section we present a concrete example of a discontinuous mapping satisfying
the Fisher-type condition. In addition to verifying the contractive inequality, we provide
numerical illustrations of the Hyers—Ulam stability, well-posedness, and data dependence
results established in the preceding section.

Example 4.1. Let X =[0,1] endowed with d (X, y)=|x—y|. Define T: X — X by

, Xe[O,l),

T(x)=

., xX=1.

Wl o1 x

Then z =0 is the unique fixed point of T ,and T is discontinuous at x =1.
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Verification of the Fisher-type condition. We show that T satisfies (1) with ¢=0.8 :g

. Since d (u,v)=|u—Vv], it suffices to verify that for all distinct X,y €[0,1],
‘T(x)—T(y)‘2 <|x=Tx||y =Ty|+c|x=Ty||y-Tx. (3)

Case 1: X,ye[0,1). Assume x>y>0 and set gq=y/xe[0,1). A direct

computation gives
2 2

y X 2
LHS=—-= 1- —=0.04 .
5 5‘ =55l ay 25 X
Moreover,
x—Tx= X |y Ty =AY AR
5 5 5
|x—Ty|=x(1—%j, |y—Tx|:xq—%‘.
Hence

RHS = x* Eq+c(1—ﬂ)‘q—1‘ :
25 5 5

IfOqul,then q—l‘zl—q and 1—ﬂ2ﬁ,so
5 5 5 5 25

RHS > X2 16q+f-ﬁ 1—q >y 20 _0128%2,
25 5 25\5 125

1 q

1 1 4
If =<g<l1,then|g—=|=gq—=and 1-—=>—,s0
5 q f 5‘ f 5 5

5
RHS > x* 16q ﬂﬂ(q—lj 2x2~£=0.128x2.
125

Thus LHS <0.04x* < 0.128x* < RHS, and (4) holds in Case 1.

Case 2: one of X,y equals 1. Assume x=1 and y €[0,1). Then T(l):% and

T(y):%,so
2
LHs=[t_Y _(_j ~loot,
3 5 3 9
Also |x—Tx| = —and ly— Ty| , hence
SR
"3 5 3 15 5 5 3
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y—l‘:l—y and 1—X2E,so
3l 3 5 15

RHs2 8V, 4 14(1 )
15 5 15\3

If 0< ys%,then

whose minimum on {Oﬂ is attained at yzé, giving RHSZ%zO.l??....

y—l‘— y—1 hence
3 3’

sz 440y 1)

If %< y <1, then 1—

U<

zf and
5

15 55 3

which is increasing in y and thus RHSZ%zO.l??... as well. Therefore

LHSSE<£SRHS,
9 45

and (4) holds in Case 2.

Combining the two cases, T satisfies (1) with ¢ =0.8. Consequently, the stability
constant in Theorem 3.3 is
1 1

T =—= :5
1-c 1-038
lllustration of Hyers-Ulam stability. Let £=0.1 and take y=0.1. Then

y
Ty===0.02, so
Y 5

d(y,Ty)=[0.1-0.02=0.08<0.1=¢.
Theorem 3.3 yields d (y,z)< K;&=0.5, while here
d(y,z)=[0.1-0/=0.1<0.5.

lHlustration of well-posedness. Consider x, _L for n>2, so x,€[0,1) and
n

X, = i Then
on
1 1| 4
n 5n| 5n
and x, — 0=z, which is consistent with Theorem 3.4.
Illustration of data dependence. Define S: X — X by

§+o.01, xe[0,1),

d(x,,Tx,)= -0,

S(x)= .
§+0.01, x=1.
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Then S(X)c X and [Tx—Sx|=0.01 for all xe X, so one may take 77=0.01 in

Theorem 3.5. The fixed point w of S in [0,1) solves

Hence

as predicted by Theorem 3.5.

W=%+0.01:>W

001

=——1=0.0125.

1.1
5)

d(2,w)=00125<0.05= ",

Numerical illustration of Picard iteration. To further illustrate the convergence of
the Picard iteration X,,; =T (X, ), we list several iterates for different initial points. In both

cases below, the iterates converge to the fixed point z=0. For X, [0,1) one has the

explicit formula x, :;—2. For X, =1, the first step gives x, =T (1) =%, and thereafter

X

e, =d(x,,0)=|x,|, its decimal logarithm, and the ratio r, :=e, /€, , (for n>1).

n+1

_X

Table 1. Picard iterates x,+1 = T(x,), errors e, = |x.|, and ratios r, = e,/e,-1.

for n>1, hence x, =

for n>1. We also report the error

Start xo=1 Start xo = 0.5

Xn €n log(e,) I'n Xn €n log(en) I'n
1.000000 | 1.000000 | 0.000000 - 0.500000 | 0.500000 | -0.301030 —
0.333333 | 0.333333 | -0.477121 | 0.333333 | 0.100000 | 0.100000 | -1.000000 | 0.200000
0.066667 | 0.066667 | -1.176091 | 0.200000 | 0.020000 | 0.020000 | -1.698970 | 0.200000
0.013333 | 0.013333 | -1.875061 | 0.200000 | 0.004000 | 0.004000 | -2.397940 | 0.200000
0.002667 | 0.002667 | -2.574031 | 0.200000 | 0.000800 | 0.000800 | -3.096910 | 0.200000
0.000533 | 0.000533 | -3.273001 | 0.200000 | 0.000160 | 0.000160 | -3.795880 | 0.200000
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Logarithmic decay of the error

o
(=]
1

—8— Startxp=1
Start xo = 0.5

|
o
w

1

| |
=
w o
1 1

|
N
(=]
I

logio (en)

|
N
w

1

| |
wow
w o
1 1

n

Figure 1. Logarithmic decay of the error €, =d (X,,Z) for two different initial points,

generated by numerical simulation.

Remark 4.2. For the start X, =1, the first step uses the discontinuous branch
T(1)=1/3, hence r, =1/3. Afterwards the orbit stays in [0,1) and satisfies X,,, =X, /5

,s0 1, =1/5 forall n> 2. For the start X, =0.5€[0,1), one has r, =1/5 forevery n>1

5. Conclusion

In this paper, we developed a unified stability framework for fixed point problems
associated with Fisher-type contractive mappings. The central conclusion is a global
residual estimate, from which Hyers—Ulam stability and well-posedness follow whenever
a fixed point exists. If a perturbed mapping has a fixed point and is uniformly close to the
original mapping, the same estimate yields data dependence. The resulting constants are
explicit and depend only on the Fisher parameter C.

By combining these abstract results with existing fixed point existence theorems, we
derived complete stability statements in boundedly compact, T-orbitally compact, and
complete metric spaces. An example of a discontinuous mapping, together with numerical
illustrations, demonstrated the applicability and generality of the theory.

Future research directions may include extensions to multivalued mappings,
generalized metric spaces, or the investigation of stability properties for other rational-type
contractive conditions.
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