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Abstract: In this paper, we prove a Massera-type theorem for the asymptotic periodicity
of bounded solutions to non-densely defined differential equations with infinite delay, using
the circular spectral theory of functions.
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1. Introduction

The study of periodicity of solutions is a fundamental problem in the qualitative
theory of evolution equations. Periodic solutions naturally arise in many applied models
where the external forcing or the underlying dynamics exhibit periodic behavior, such as
in population dynamics, control theory, and heat conduction processes. Understanding the
existence, uniqueness, and structure of such solutions plays a central role in the long-term
analysis of dynamical systems. For evolution equations governed by densely defined
operators, several powerful tools have been developed. Classical approaches include the
fixed point method [6] techniques based on ultimate boundedness of solutions and
compactness of the Poincaré map under compact embeddings [2,14], the spectral theory of
functions [18,19], and ergodic methods [11]. These results provide a solid theoretical
foundation and cover a wide range of important cases. However, as pointed out in [4], there
are many situations in which the operator involved is not densely defined. This case is
significantly more delicate, since many classical results rely heavily on density of the
domain in the underlying Banach space. A simple but illustrative example is the one
dimensional heat equation with Dirichlet boundary conditions on [0, it]. If we consider the

Banach space C ([0, t], R) with the sup-norm and define
2

A= %, with  D(A) = {u € C%([0, 7], R):u(0) = u(w) = 0}

then D(A) is not dense in C ([0, ], R) since
D(A) = {u € C([0,m], R): u(0) = u(m) = 0} # C([0, ], R).

Thus, standard semigroup techniques cannot be directly applied in this framework.
Motivated by such difficulties, in the past two decades researchers have developed methods
to study periodic solutions for non-densely defined evolution equations. Important
contributions can be found in [3,5,6,7] where new techniques were introduced to overcome
the lack of density and to extend the classical theory.
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Recently, L.A. Minh and N.N. Vien [17] employed the framework of the circular
spectrum of functions to prove the existence of asymptotically periodic solutions for non-
densely defined evolution equations. Inspired by this line of research, in the present paper
we establish a Massera-type theorem for non-densely defined differential equations with
infinite delay. More precisely, we show that the asymptotic periodicity of bounded
solutions inherits the circular spectrum structure of the external forcing term for a class of
differential equations of the abstract form

du(t)

— = Au(t) + L(Hu, + f(t), u€eX,t>s;t,s €ER (1.1)

where A:D(A) € X — X is a non-densely defined linear operator on a Banach space X
which satisfies the Hille - Yosida condition:
(M,): there exist M, = 1 and w, € R such that (w,, +o) c p(4) and
[R(&,A)™ < L, for n €N and ¢ > w,,
(& — w)"
where p(A4) is the resolvent set of A and R(§,4) = (§— A)™1; L(t): B - X is a bounded
linear operator such that
(M,): For each ¢ € B, the mapping t — L(t) is continuous.
To conclude this introduction, we provide a brief outline of the paper. In Section
2, we introduce the main notations and recall the definitions and fundamental properties of
the circular spectrum of functions, together with the representation of mild solutions.
Section 3 contains the main result of the paper, namely, a theorem on the asymptotic
periodicity of bounded solutions to non-densely defined differential equations with infinite
delay of the form (1.1).

2. Preliminaries

2.1. Notations

Here and subsequently, N, R, C stand for the set of natural, real, and complex
numbers, respectively. Let us denote by L(X) the Banach space of all continuous linear
operators on a Banach space X endowed with the usual operator norm. For a general linear
operator T, we denote by o(T) the spectrum of T and define p(T) := C\o(T). Moreover,
we denote by BUC(R,X),BC(R,X) the spaces of all X-valued bounded uniformly
continuous functions and bounded continuous functions on R, respectively. We define
Co(R,X) :={g € BUC(R,X): }Lr?og (t) = 0}. Finally, we will use the symbol T to denote

the unit circle in the complex plane.

2.2. Phase spaces

We now turn to the axiomatic definition of phase space which was introduced by
Hale and Kato in [8] and follow the terminology used in [10].

Let (B,]| - |g) be the Banach space of all X-valued functions defined on (—oo, 0]
which satisfy the following axiom.

(A) If x: (—o0,a] = X is continuous on [o, a] with x, € B for some ¢ < a then

(i) x;isinBforallt € [o,al;

(ii) t = x, is continuous on [o, a];

(iii) Nx(O)] < |x¢lz < K(t — 0)sups<s<c|x ()| + M(t — 0)| %65, Vt € [0,a],
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where N > 0 is a constant, K: R* — R* is a continuous function and M: R* - R* is a
locally bounded function.

Lemma 2.1 ([10]). Assume that the space B satisfies the axiom (A). Then, the
following assertions hold:

(i) Forall¢ € B, we have that |¢(0)] < 1 |¢lz.

(if) The space of all continuous functions from (—oo, 0] into X with compact support,
which is denoted by COO((—oo, 0]; X), is included in B. Moreover, for every
@ € Coo((—o0,0]; X) with the support in [a, 0], we have that

|l < K(—a)ségg|¢(9)l-

Definition 2.2 ([20]). The phase space B is called a uniform fading memory space if

it satisfies axiom (A) with K(-) = K and M(t) » 0 ast — .

2.3. Mild solutions and their representation

Definition 2.3 ([1]). Let ¢ € B. We say that a function u: R — X is a mild solution
of Equation (1.1) in R if the following statements hold:
(i) w is continuous on [o, +0),

(i) f;u(s)ds € D(A) for t > o,

(i) u(t) = $(0) + A(fdtu(s)ds) + [{(L(S)us + f())ds for t >0,

(V) ug = .

Note that, (i) and (ii) imply that u(t) € X, = D(A), for any t > o. Particularly,
¢(0) € X,. Therefore, the phase space associated with Equation (1.1) is

B, = {¢ € B: $(0) € X,}.

According to Hille-Yosida Theorem, see [13], we conclude that, if A satisfies the

condition (M), then the part (A, D(4,)) of A in X,, which is defined by
{D(AO) = {x € D(A): Ax € X,}
Agx = Ax.
generates a strongly continuous semigroup (T(t))t20 on X,. Moreover,
|T(t)|£(m) < Mye®t for t=0.

Theorem 2.4 ([1]). Let conditions (M) and (M) be satisfied. Then, for each ¢ €
B., Equation (1.1) has a unique global mild solution u satisfying that

u() =Tt —-o0)p(0) + Al_i)&noo ftT(t — s)B,l(L(s)us + f(s))d s for t=o

where B, = AR(4,A) for 1 > w,.
In the next parts of this paper, the mild solutions of Equation (1.1) are denoted by
u(-,o0,¢,L, f). Foreach t > s, we define the operator U(t, s), for ¢ € B,, by
u(t,s)p =u.(,s, ¢, L,0).
Without loss of generality, we can assume that w, > 0. Moreover, we make the
following assumption.
(M3): The operator L(-) is 1-periodic.
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Proposition 2.5 ([1]). Let (M,) — (M3) be satisfied. Then, (U(t,s)) isal-

t=s=0

periodic strongly continuous evolutionary process on B, which satisfes the following
properties:

(i) U(t,s) €L(X,) forallt >s > 0;

(i) U(t,t) =1,forevery t € R;

(i) ut,s)u(s,r) =U(t,r), forall t =s >r;

(iVU(t+1,s+1)=U(t,s)forallt =s = 0;

(v) The function (¢, s, x) ~ U(t, s)x is continuous in (t, s, x).

Now, for n > w, and for x € X, we define the linear operator Y*: X — B by

-1
(n6 + 1)B,,x for - <0<0,
n —
Y™"x(0) = _1
0 for0 < —.
n

According to [1], there exists M > 0 such that
[Y"x|z < MK(—1)]||x||, Vx € X.
Since, forany x € X,Y"x(0) = B,x € Xy, Y"x € B,.
Proposition 2.6 ([1]). Let assumptions (M,) and (M,) hold. Then, for any s € R
and ¢ € By, the unique integral solution u(:,s, ¢, L, f) of Equation (1.1) satisfies the
following variation of constants formula in B,,.

u(,s,¢9,Lf)=U(t,s)p + nliTthU(t' OYf(E)dE for t = s. (2.1)

2.4. Circular spectra of functions on the line

We consider the translation operator S in BC(R, X)) defined as
[Sx](€):=x(1+%), §€ R,x € BC(R, Xy).
Furthermore, we also consider the quotient space
Y == BC(R, X0)/Co(R, Xo).
Then, S induces an operator in Y that will be denoted by S. It is well known that §
is an isometry, so o(S) c T
For each x € BC(R, X)) let us consider the complex function [Sx](A) inA € C\T
defined as
[Sx](A) == R(A,S)x, A€ C\T.

Definition 2.7 ([16]). The circular spectrum of a function x € BC(R, X,) is defined
to be the set of all £, € I" such that [Sx](A) has no analytic extension into any neighborhood
of &, in the complex plane. This spectrum of x is denoted by o(x).

The following lemma justifies the introduction of these concepts of spectra.

Lemma 2.8 ([16]). For any x € BC(R, X,),

o(Qx) c o(x)

provided that Q is an operator in BC(R, X,) that commutes with S and leaves

Co (R, X,) invariant.
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3. Main Results

3.1. Asymptotic periodic functions and their spectral characterization

Definition 3.1 ([15]). A function f € BC(IR, X) is said to be asymptotic 1-periodic if
glrgo(f(t +1) - () =0. (3.1)

Proposition 3.2 ([15]). The following assertions are valid:

(i) Letx € BC(R, X,). Then, a(x) = @ if and only if x € C,(R, X,);

(ii) Letp € Rand x € BC(R, X,). Then, o(x) c {e®} if and only if

}im (x(t +1) - ei”x(t)) =0.

Lemma 3.3 ([15]). Assume that Q(t), t € R is a family of bounded linear operators
in X, that satisfies

(i) The function R X X, 3 (t,x) = Q(t)x € X, is continuous,

@i Q(t+1)=0Q(t)forallt € R,

(iii) sup | Q(t)| < oo.

0=st<1

Then, for each x(-) € BC(R, X,)) we have
a(Qx(") € a(x()),
where Q denotes the operator in BC (R, X)) defined as
[Qx()](®) = Q(O)x(t), t € R.

3.2. Asymptotic periodic solution

Definition 3.4. A function u(:) € BC(R, X,) is said to be an asymptotic mild
solution of Equation (1.1) with initial condition u, = ¢ € B, if there exists a function
€(-) € Cy(R, X) such that

u® =Tt~ 96O + Jim | TCOB (LOu + @ +eO)ds  (2)

fort>s.

where B, = AR(A, A) for A > w,,.

Now, for T is an operator in a Banach space X, we denote o(T) := o(T) N T. We
also recall the following well known result on the spectrum of the “monodromy” operator
P(t)=U(t+1,t) foreacht > 0. When t = 1 we denote P := P(1). In particular, P =
u(,0) if (U(e, s))m>0 is a 1-periodic process. Let us denote by P the operator of
multiplication u - Pu defined as Pu(t) = P(t)u(t).

Lemma 35 ([9]). Let (U(t,s)),__, bea l-periodic process in X,. Then, for each t > 0

o(P(O)\{0} = o(PI\{0}.
We now assume that
(M,): The phase space B is a uniform fading memory.
Then, we have the following result.
Lemma 3.6 ([12]) Let (M,) be satisfied and z € BUC(R, X,,) is an asymptotic 1-periodic
function. Let v: R — B be a function defined by v(t) = z,. Then
(i) visa B -valued asymptotic 1-periodic function, and

(i) a(z) =o(v).
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Lemma 3.7. Let f € BUC(R,X) and let u € BUC(R, X,) is a mild solution to
Equation (1.1). Then
o(uw) c opr(P)Ua(f). (3.3
Proof. By applying (2.1) one gets

t+1
U = Ut + 1, )u, + %1_{2)] Ut +1,5)Y"f(s)ds. (3.4)
t

Foreachn € N, we define
t+1

[H,f1(t) = ] Ult+1,s)Y'f(s)ds, f € BUC(R,X),teR. (3.5
Then, by Proposition 2.6t

[Haf1() = [HFI(®) = lim f HlU(t +1,5)Yf(s)d s. (3.6)

Taking into account that H,, commutes with S, we have
o(H,f) € o(Hf) < o(f).
Now, for each A € C \ T we have
[(A=S)v](t) = - Ut +1,)u, + TllHEOan = Au; — P(t)u, + Hf.
Here v is a mapping defined in Lemma 3.6.
Since (U(t, s))m is 1-periodic strongly continuous evolutionary process, P(t) is
1-periodic and commutes with the translation operator S. Hence,
A=S)v=A-P)v+ Hf. (3.7)
Let0 # A, € or(P) U o(f) and let V be a fixed small open neighborhood of A, such that
v n (or(P)Uo(f)) = 0.
Since (3.7),
R(AS)¥=R(M\P)o—RAP)RMSHS.
This means R(A, S)¥ has an analytic extension in V, i.e., A, € o(v). Thus
o(v) € op(P) U o(f).
Finally, by applying Lemma 3.6 one gets o(u) < or(P) U o(f).
The lemma is proved. Type equation here.
Theorem 3.8. Let (M,)-(M,) are satisfied and let o-(P) c {1}. Assume that u is an
asymptotic mild solution of Equation (1.1) such thatu € BUC(R, X)) and f € BUC(R, X)
are asymptotic 1-periodic. Then, u is asymptotic 1-periodic, i.e.,
}i_)rg(u(t +1)— u(t)) = 0.
Proof. Since f € BUC(R, X) is asymptotic 1-periodic, o(f) < {1}.
By Lemma 3.7, o(u) c opr(P)VUo(f) c {1}.
Combining this with Proposition 3.2 to obtain that u is asymptotic 1-periodic.

4, Conclusion

We have proved a Massera type theorem on the existence of asymptotic periodic
solutions to a class of non-densely differential equations with infinite delay arising from
bounded continuous ones.

142



Hong Duc University Journal of Science - E11, 2026, p.(137 - 144)

References

[1] A. Afoukal, K. Ezzinbi (2025), Bohr—Neugebauer Type Result for a Class of
Nondensely Nonautonomous Linear Partial Functional Diferential Equations with
Infnite Delay, Differential Equations and Dynamical Systems, 33, 227-259.

[2] Burton (1985), Stability and Periodic Solutions of Ordinary and Functional
Differential Equations, Academic Press; Orlando, Florida.

[3] C.Cuevas, M. Pinto (2001), Existence and uniqueness of pseudo almost periodic
solutions of semilinear Cauchy problems with non dense domain, Nonlinear Anal. ,
45, 73-83.

[4] G. Da Prato, E. Sinestrari (1987), Differential operators with nondense domain,
Ann. Scuola Norm. Sup. Pisa CI. Sci., 4, 285-344.

[5] B. De Andrade, C. Cuevas (2010), S-asymptotically omega-periodic and
asymptotically omega-periodic solutions to semi-linear Cauchy problems with non-
dense domain, Nonlinear Anal., 72, 3190-3208.

[6] B. De Andrade, J.H. Liu (2002), Periodic solutions for non densely defined delay
evolution equations, Appl. Math. Stoch. Anal., 15, 105-114.

[71 F. Guhring, F. Rabiger (1999), Asymptotic properties of mild solutions for
nonautonomous evolution equations with applications to retarded differential
equations, Journal of Abstract and Applied Analysis, 4, 169-194.

[8] J. Hale, J. Kato (1978), Phase space for retarded equations with infinite delay,
Funkcial. Ekvac., 21, 11-41.

[9] D. Henry (1981), Geometric Theory of Semilinear Parabolic Equations, Lecture
Notes in Math. Springer-Verlag, Berlin-New York.

[10] Y. Hino, S. Murakami, T. Naito (1991), Functional Differential Equations with
Infinite Delay, Springer.

[11] N.T. Huy, N.Q. Dang (2016), Existence, uniqueness and conditional stability of
periodic solutions to evolution equations, J. Math. Anal. Appl., 433, 1190-1203.

[12] N. D. Huy, L. A. Minh, V. T. Luong, N. N. Vien (2025), Asymptotic Periodic
Solutions of Differential Equations with Infinite Delay, Bull. Malays. Math. Sci. Soc.
48:186.

[13] K-J. Engel, R. Nagel (2000), One-parameter semigroups for linear evolution
equations, Graduate Texts in Math., Springer-Verlag.

[14] J.H. Liu, G.M. N’Guerekata, N.V. Minh (2008), Topics on Stability and Periodicity

in Abstract Differential Equations. Series on Concrete and Applicable Mathematics,
World Scientific Publishing, Singapore.

[15] V. T. Luong, D. V. Loi, N. V. Minh, H. Matsunaga (2022), A Massera theorem for

[16]

[17]

asymptotic periodic solutions of periodic evolution equations, J. Differential
Equations, 329, 371-394.

V. T. Luong, N. H. Tri, N. V. Minh (2021), Asymptotic behavior of solutions of
periodic linear partial functional differential equations on the half line, J.
Differential Equations, 296, 1-14.

L. A. Minh, N. N. Vien (2023), Circular Spectrum And Asymptotic Periodic
Solutions To A Class Of Non-Densely Defined Evolution Equations, Commun.
Korean Math. Soc., 38, 1153-1162.

143



Asymptotic periodic solutions to a class of non-densely defined differential equations with infinite delay

[18] N.V. Minh, H. Matsunaga, N.D. Huy, V. T. Luong (2022), A Katznelson-Tzafriri
type theorem for difference equations and applications, Proc. Amer. Math. Soc., 150,
1105-1114.

[19] N. V. Minh, G. N'Guerekata, S. Siegmund (2009), Circular spectrum and bounded
solutions of periodic evolution equations, J. Differential Equations, 246, 3089-3108.

[20] S. Murakami, T. Naito, N. V. Minh (2004), Massera’s theorem for almost periodic
solutions of functional differential equations, J. Math. Soc. Japan, 56 (1):247-268.

Acknowledgment. We would like to thank the referee for careful reading of the manuscript.
The referee's comments, remarks, corrections, and suggestions have significantly improved
the quality of this paper. This research is funded by Hong Duc University under grant
number DT7-2024-06.

144



