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Bai bao dira ra mgt chizng minh chi tiét cong thizc phan tich bat kha quy cua cac idéan
trong vanh chinh, qua dé xac dinh mai lién hé giira phan tich da thizc thanh tich céac da thic
bat kha quy véi phan tich idéan thanh giao cua cac idéan bat kha quy trong vanh da thirc
hé sé thuc va hé sé phic.

Tir khéa: Vanh chinh, idéan chinh, idéan bat kha quy, phan tich bat kha quy.
DOI: https://doi.org/10.70117/hdujs.79.09.2025.964

1. PAT VAN BE

Phan tich bat kha quy cua idéan trong vanh R khong chi 1a mét cong cu ly thuyét ma
con ¢d nhiéu tng dung trong hinh hoc dai s6, dai s giao hoén va toan hoc tinh toan. N6 gitp
ta hiéu ciu tric cua idéan thong qua cac thanh phan don gian, bén canh dé né lién két giira
dai s6 va hinh hoc (thong qua twong &ng gitra idéan va tap nghiém). Ngoai ra, phan tich bat
kha quy lam nén tang cho cac phan tich phic tap hon nhu phén tich nguyén so. Idéan bat
kha quy la idéan khong phan tich dugc thanh giao cua hai idéan thuc sy chira nd, ngoai ra
moi idéan trong vanh Noether déu phén tich dugc thanh giao hitu han cac idéan bat kha quy
va idéan bat kha quy ciing 1a idéan nguyén so, do d6 cac idéan trong vanh Noether déu phan
tich duoc thanh giao hitu han cua cac idéan nguyén so [1,2]. Pbi voi phan tich bat kha quy,
trong vanh da thirc nhiéu bién, J. Herzog-T. Hibi [3], chiing té rang moi idéan don thirc déu
phan tich dugc thanh giao cua cac idéan sinh boi mot sé bién nao do, cac idéan nay 1a bat kha
quy. Trong mot sb trudng hop khac, tim phan tich bat kha quy cua idéan ciing dwoc nhiéu nha
todn hoc quan tam nghién cau [4,5,6,7].

Cho R la vanh nhén tir hod, véi moi phan tir x caa R, x ¢6 dang X = p/ps...p™, trong
do p,,p,,.., b, 1a cac phan tir nguyén t6 (p goi 1a nguyén t6 néu pla woc cia Xy thi hoic

p la wéc cua x hoic p la woéc cua y, trong [8] gidi thigu cdng thac
(x)=(p)(p5) ... () va chua dua ra ching minh twong minh cho cong thic nay.

Muc dich ctia bai bao 1a dwa ra mot chizng minh chi tiét cong thic phan tich bat kha quy
cta cac idéan trong vanh chinh, qua d6 xac dinh duoc mdi lién hé giita phan tich da thirc
thanh tich cac da thuc bat kha quy véi phan tich idéan thanh giao cia cac idéan bat kha
quy trong vanh da thirc hé sb thuc va hé sé phic.

Ngoai phan gigi thiéu, bai béo chia thanh hai muc. Muc 2 gigi thiéu mot sé kién thirc
co ban vé vanh chinh. Muc 3 trinh bay cac két qua chinh ciia bai bao trong vanh chinh, trudc
hét 1a phan tich idéan bat ky thanh giao cua cac idéan bat kha quy (Pinh 1y 3.3, Binh ly 3.4),
xac dinh mdi lién hé giita phan tich mot da thic thanh céc tich céc da thic bat kha quy Véi
phan tich idéan trong vanh da thirc trén truong sb thyc va truong sb phuc thanh giao cua cac
idéan bat kha quy (Pinh Iy 3.7, Binh ly 3.8).
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2. VANH CHINH

Trong muc nay, ching tdi gidi thiéu vé phan tir bat kha quy, idéan va mot s tinh chat
cua vanh chinh dya trén céc tai liéu [1][2][8] va [9]. Trong bai bao, ta lubn gia thiét R 1a mot
mién nguyén.

Pinh nghia 2.1. (Xem [1, Chapter 1] va [9, Chwong V]) Mién nguyén R duoc goi la
mét vanh chinh néu moi idéan cua R déu 1a idéan chinh (tirc 12 moi idéan déu c6 thé sinh bai
mot phan tu duy nhat).

Pinh nghia 2.2 (Xem [8, Chapter 0] va [9, Chuong V]) Cho R 1a mot mién nguyén.
Mot phan tir khac khong x e R dugc goi la bat kha quy néu

i) x khong kha nghich,

ii) Néu x=yz véi y,z R, thi'y kha nghich hozc z kha nghich.

Pinh ly 2.3. (Xem [8, Chapter 0] va [9, Chwong V]) Cho R la vanh chinh, moi phan
tir x khac 0 va khong kha nghich déu c6 thé phan tich thanh tich hitu han cac phan tir bat kha
quy, nghia la x = p{"...p;*, trong d6, p, la cac phan tur bat kha quy va n, (i=1,2,...,k)la
c4c sd ty nhién. Biéu dién d6 la duy nhat sai khac cac phan tir kha nghich, nghia 1a néu
X=pr.pe=0qt.q" , trong d6 p,q; la cac phan tr bat khi quy va
n(i=12...k),m (j=12,..,t)la cc sd tu nhién thi k =t va véi mot sy dénh s6 thich hop ta
co g, =u,p;,n; =m;, u; 1 cdc phan tir kha nghich (i=1,2,...,k).

Pinh nghia 2.4. (Xem [9, Chwong V]) i) Cho vanh giao hoan R va hai phan tir a, b
thuoc R. Phantir a duoc goi 1a mot wéc cua b néu ton tai ¢ thudc R sao cho b =ac, ki hiéu
a|b. Ta con noi b chia hét cho a.

i) Phan tir a dwoc goi 1a mét wdc chung cua hai phan tir b va ¢, néu a la uéc cia b va
a la woc cua c.

iii) Phan tr p duoc goi 1a mot wdc chung lén nhdt caa b va ¢ néu moi wée chung cua
b va ¢ déu 1a uéc cua p, ki hiéu (b,c) = p. Trong truong hop (b,c) =1, tandi b va c Ia hai
phan tr nguyén té ciing nhau.

Bo d& 2.5. Cho x, y thuoc R sao cho x la phan tir bat kha quy va y|x* véi a eN
.Khi d6, y codang y=ux”, trongd6 0< g < Va u laphan tx kha nghich.

Chizng minh

Chtng minh quy nap theo « . Véi o =0 khi @6 y|x® =1 suy ra Y la phan tir kha
nghich u . Do @6 y=u.l=u.x’. Gia sir bai toan ding dén « nghia 1a y|x* thi
y=ux’,0< B<a, trong 46 u kha nghich. Ta can chimg minh dung dén « +1, nghia 1a

a+l

néu y|x“* thiycddang y=ux”,0< S<a+1,trong d6 u kha nghich.
Truong hop 1: Gia sty kha nghich, khi do ta c6 thé viéty = u.x° (twong ang véi 3 =0).
Truong hop 2: Gia st Y khéng kha nghich, suy ra (x, y) =1. Khi d6 tir y|x*** hay
y|x“.x.Suyra y|x*. Theo gia thiét quy nap, tacé y =u.x”,0< S<a. Do Y khdng kha
nghich va (X, y) =1 nén truong hop nay khong xay ra.
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Truong hop 3: Y khong kha nghich va x|y, nghia 1a 3y’ € R sao cho y=x.y". Do
“*! nén ton tai a sao cho x**' = y.a.Suyra x

a+l

y|x =x.y'a dandén x“ = y'a.Hay y'|x“
. Theo gia thiét quy nap ta c6 y' =v.x”. Trong d6 0< S <« vaV la phan ti kha nghich. Do
d6 y=xx" =x"".Vay y =u.x”, trong d6 u la phan tir kha nghichva 0< y <o +1.

Pinh nghia 2.6. (Xem [2, Chapter 4]) Idéan | cua R dugc goi 1a idéan bat kha quy néu
| =J,nJ,, trong d6 J,,J, la cac idéan thuc sy cuaR, thi 1 =J, hoac | =J,.

B dé 2.7. Cho x 1a mot phan tir bat kha quy caa mién nguyén R. Khi d6 idéan (x*)
1a idéan bat kha quy véi moi o e N”.

Chizng minh

Giasu (x*)=J,nJ,,trongdo J,,J, lacacidéan thuc sy cuaR . Do R lavanh chinh,
nén J,,J, la cac idéan chinh, do do tdn tai u,ve R sao cho J; =(u),J2 =(V). Nghia la
(x*)=(u)N(v).

Suy ra (x*) < (u) va (x*) < (v) hay x* e(u) va x* e (v) dan dén u,M x“. Theo
Bo dé 25 taco u=ax’(0<pB<a), v=bx"(0<y<a), trong d6 a,b la cac phan tir
kha nghich cuaR. Giast 0< f<a—-1va 0<y<a-1.

Khi d6 (u) = (x") 2 (x*) va (v) = (x") 2 (x*).

Suy ra  (U)M (V) 2 (x*). Mau thuan véi (U) N (v) = (x*). Do d6, ta phai c6 hoic
S =a hoic y =« hayhoic J, = (x*) hoic J, = (x*). Dan d&én (x*) la idéan bat kha quy.

3. PHAN TIiCH BAT KHA QUY CUA IDEAN

Muc cuéi’ nay, chiing toi trinh bay phan tich cua idéan trong vanh chinh thanh giao
cua cac idéan bat kha quy dua trén tai liéu [8], tir do xét trén vanh da thic mot bien.

Pinh nghia 3.1. Cho R la vanh giao hoan c6 don vi va | 14 idéan cua R. Néu |
duoc phan tich dudi dang | =Q, n...nQ,, trong d6 Q,,...,Q, la cac idéan bat kha quy cua
R, thi phan tich nay duoc goi 1a mot phén tich bat kha quy cia idéan 1 .

Pinh nghia 3.2. Vi gia thiét nhu trong Dinh nghia 2.1, néu trong phéan tich giao
| =Q, N..."Q,, khong thé bé duoc bét ki idéan Q, (i :L_t) N30, ta ni phan tich bt kha
quy cua | la phan tich rat gon. ’

Trong muc nay, ludn gia st R 1a vanh chinh. Khi d6 ta c6 két qua sau.

Pinh ly 3.3. (Xem [8, Chuong V]) Cho vanh chinh R va phan tar X. Gia sir X ¢6
dang X = p/...pJ*, trong d6 a,...,a, 1a cac s6 tu nhién va p,,..., p, 1a cac phan bat kha
quy d6i mot nguyén té ciing nhau. Khi d6 X c6 phan tich bat kha quy rat gon nhu sau:

(X)=(p*) Mo (p)

Chizng minh

Do x=p*..pe*, nén pf x véi moi 1<i<k . Suy ra (X)c<(p) voi moi
1<i<khay (x) = N, (pf).
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Lay mot phan tir h bat ki sao cho he ~*,(p™). Khi d6 he (p™) voi moi 1<i<Kk.

Qa;

Suyra pl h véimoi 1<i<k.Do cac phanta p véi 1<i<k nguyén to cling nhau timg doi

motnén py*...pge| h. Suyraup™...pg«| h,nghiala ¥ h.Suyra he(X), tr do ta nhan duoc:
()= ().

Vay dinh ly du:c_yg chl’rng minh. )

Nhu vay, theo Bo d€ 2.7, phan tich trén la phan tich bat kha quy rit gon cua idéan (X).
Ngugc Iai,’néu bjét truede phan tich rat gon cia idéan (X) thi ta co thé xac dinh dugc phan tu
X. Trude hét ta can khai niém sau: ‘ ‘

Dinh nghia 3.4. (Xem [9, Chuong V]) Hai phan tir X va x’ctia mién nguyén R dugc goi la
lién két voi nhau néu ton tai phan tir kha nghich u sao cho x =ux', nghiala x| x'va X'| X.

Pinh Iy 3.5. Cho vanh chinh R va idéan (X) c6 phan tich bat kha quy rit gon nhu sau:

09 =(p*) (),

trong d6 P,,..., P, 1a cac phan tir bt kha quy d6i mot nguyén t6 cing nhau. Khi d6 x
lién két voi phan tir pf...po%.

Chzng minh.

Xétphan tor y = p{...pY%, theo Pinh 1y 3.3, taco (y) = (p*) M. (pF*).

Suy ra (X)=(y), ta nhan duoc X lién két voi Y, nghia 1a X lién két véi phan tir

L pe.

Ta c0 tap hop céc da thire trén truong K 1ap thanh mot vanh, ki hiéu K[x] va K[x]
la vanh chinh (xem [1, 8, 9, 10]) va da thirc bat kha quy cua K [x] chinh Ia cac phan tir bét
kha quy cua vanh K[x]. Trong truong hop K 1a truong s6 ta co:

Pinh ly 3.6. (Xem [10, Chapter 1V])

a) Da thirc bat kha quy caa vanh da thuc trén trudng sé thuc R[X] hodc la da thuc
bac nhit hodc 1a da thic bac hai ax® +bx+c (a#0) c6 A=b*—4ac <0 va véi moi da
thic f (x)eR[x]ludn viét duge dusi dang sau:

k m .
f(X) = ,f;\l_l(x—ri)“il_[(x2 +bjx+cj)ﬂ’ ,
i=1 j=1
trong do, a I hé s6 bac cao nhat, r, (1<i<k) Ia cac nghiém thyc d6i mot khac nhau,
X*+b,x+¢; (1< j<m)lacacda thic bac hai c6 A=hb{ —4c; <0 doi mot nguyén té ciing
nhau va ¢; (1<i<k),; (1< j <m)la céc s6 nguyén duong.
b) Pa thirc bat kha quy cua vanh da thirc trén truong s6 phic C[x] 1a da thuc bac

nhét va véi moi da thic z(x) e C[x]ludn viét duge dusi dang sau:

2(x)=a] [(x—1)"
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trong d6, a la hé sé bac cao nhat, r, (1<i<n) lacac nghiém phirc doi mot khac nhau
va ¢; (1<i<n)lacéc sé nguyén duong.

Ap dung Dinh 1y 3.3 d6i v6i vanh da thirc trén treong s6 thue va truong s6 phirc, két
hop vaéi Binh ly 3.6 ta nhan dugc két qua sau:

Pinh ly 3.7. a) Moi idéan trong vanh da thic R[x]Iudn co phan tich bt kha quy rit
gon, bao gébm giao cua cac idéan chinh sinh bai Iy thira ciia da thirc bac nhat hoic da thirc
bac hai c¢6 dang ax® +bx+c (@a=0) c6 A=b*—4ac<0 va cac da thuc sinh do6i mot
nguyén tb cting nhau.

b) Moi idéan trong vanh da thirc C[x]ludn c6 phan tich bat kha quy rit gon, bao gom
giao cua cac idéan chinh sinh bdi lity thira cua da thuc bac nhét va cac da thirc sinh d6i mot
nguyén to cung nhau.

Chizng minh

a) Theo Binh Iy 3.6, moi da thuc f (x) e R[x]co dang sau

f(x) = aﬁ(x—n)“iﬁ(xz rhx+e;)”,
i=1 i=1

trong d6 a 1a he s6 bac cao nhat, r, (1<i<k) la cic nghiém thuc doi mot khac nhau,
x*+b,x+¢; (1< j<m)la cac da thic bac hai cd A=b? —4c; <0 doi mot khac nhau va
a (1£ 1< k) B (1S J < m) a cac s6 nguyén dwong. Do cac da thic bat kha quy cua ]R[X]
cling 1a cac phan tir bat kha quy cua mién nguyén R[x], nén céc phan tir x—r, (1<i<k)va
X?+b,x+¢; (1< j<m)lacécdathicbachaicd A=b7 —4c, <0 lacac phan tir bat kha quy
d6i mot nguyén 6 cting nhau cua vanh R[x]. Mat khac theo B6 dé 2.7, ta c6 céc idéan

((x—r)= ),((x2 +b,x+c, )ﬂj ) (I<i<k,1<j<m)
14 cac idéan bat kha quy. Theo Binh ly 3.3, ta nhan duoc két qua can chimng minh nhu sau:

(f(x))zh((x—ri)"i )ﬁ((x2 +bjx+cj)ﬁj )

i=1 j=1

b) Theo Dinh Iy 3.6, moi da thirc z(x) e C[x]c6 dang sau
z(x) =a] [(x—r)=,
i=1
trong dé a la he sé bac cao nhét, r, (1<i<n) lacéc nghiém phirc d6i mot khac nhau va
o (13 1< n) 4 cac s6 nguyén dwong. Do céc da thirc bat kha quy cia (C[X] ciing 1a cac phan
tir bat kha quy cia mién nguyén C[x], nén cacphéantir x—r, (1<i<n)Ilacac phan tir bat kha
quy doi mot nguyén t6 ciing nhau cua vanh C[x]. Mat khac theo B6 dé 2.7, ta c6 céc idéan

((x=r)*) (1<i<n)lacac idéan bat kha quy.
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Theo Binh Iy 3.3, ta nhan dugc két qua cin ching minh nhu sau:
(209)=)((x=m)")-
Ta biét rang, vanh da thac K [x] trén truong K 12 vanh chinh, nén véi moi idéan | ciia
K [x] tOn tai da thirc f (x) e K [x]sao cho 1 = ( f (x)). Do do, néu biét trudc phan tich bat
kha quy riit gon cua I, ta c6 thé xac dinh dugc da thirc f ().

Pinh Iy 3.8. a) Trong vanh da thirc R[x], moi idéan I c6 phan tich bat kha quy rat

gon nhu sau:

I :ﬁ((x—ri)“i )fm]((x2 +b;x+c; )ﬂj)'

k
=1 j=1

trong do I, (1<i<k) la cac sb thyc doi mot khac nhau, x? +bx+c; (1< j<m)la
cac da thuc bac hai c6 A=b}—4c; <0 ddi mot nguyén t6 cung nhau va
a (13i£k),ﬂj (1SjSm) la cac s6 nguyén dwong. Gia st | c6 da thuc sinh 4
f (x)eR[x]. Khi dé
f(x):al_L[(x—t’i)“'lﬂ[(xz+bjx+cj)ﬂj ’

trong d6 a 1a s thuc bat ky khac khong.
b) Trong vanh da thuc C [X] , Moi idéan J c6 phan tich bat kha quy rit gon nhu sau:
3= ﬁ((x_ r)“) . trong d6 (1<i<n) la cac sé phuc doi mot khac nhau va
i=1

o (13 1< k)lé cac s6 nguyén dwong. Gia st J c¢6 da thic sinh laz(x)eC[x]. Khi dé
2(x) =a J(x—r)“ , trong 6, a la s6 phirc bét ky khac khong.
i=1

Chizng minh
a) Ta co: (f(x)= ﬁ((x— r)“ )ﬁ((xZ +b;x+c; )ﬂj ) .

j=1
Theo Binh Iy 3.5, ta ¢6 f (x)va ﬁ(x_r_)ailﬂ[(xz ibxic,)” la hai phan tir lién
két, nghia 1a ton tai phan tir khac khong, kha nghich a € R[x] sao cho
Kk m
f()=al =R TT(x* +bxre;)”
i=1 j=1
Vi 0 aeR[x]kha nghich nén a la céc sb thuc khac khong.
b) Lap luan tuong tu trén ta nhan dwoc diéu phai ching minh.
Vi du 3.9. a) Trong vanh da thuc R[X] , cho da thtrc
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f (X)=(X+D)(x+2)(x+3)(x+4)—24.
Taco: f(X)=[(X+D(Xx+DI(X+2)(x+3)]—24 = (X* +5x+4)(x* +5x +6) — 24.
Dit t = x> +5x+4, khi d6 f(x) tro thanh
gt) =t(t+2)—24=t* +2t 24 =t* + 2t +1-25 = (t* +1)* —-5° = (t - 4)(t + 6).

Suy ra f(X) = (X? +5X)(x* +5x+10) = X(x +5)(x* +5x +10) . Pa thirc X* +5x+10
c6 A=25-40<0,nén X* +5x+10 la da thirc bat kha quy trén R[X]. Theo Dinh Iy 3.7 a), ta
nhan dugc (f (X)) = (X) N (x+5) N (x* +5x+10), 1a phan tich batkha quy rit gon ctia ( f (X))

b) Trong vanh da thuc (C[X] , cho da thuc z(x) = x* +5x*+6. Tacod
X' 4+5X%+6=x* +3x° +2x> +6 = X*(X* +3) + 2(x* +3)
= (X2 + 2)(X? +3) = (X=/2)(x + /20 (X + V/3i) (x = +/3i).

Do d6 (2(X)) = (X—~/2i) N (X +/2i) " (x+~/31) " (x=~/3i) 1 phan tich bt kha
quy rut gon cua idéan (z(X)).

Vidu 3.10. a) Trong vanh da thic R[X] , cho idéan | ¢6 phan tich bat kha quy rdt gon
nhu sau:

I =((x=1)*) N ((X* +4x+15)*) N ((X* =3x+7)?).

Giasu | =(f (X)), theo Dinh Iy 3.8 a), ta xac dinh dugc

f(x) =a(x-1)°(x* +4x+15)*(x* =3x +7)?
=a(x* +8x° +46x® +118x" +209x° —92x° — 239x" — 441x° + 46> +120x + 225),
trong d6, a€R va a=0.

b) Trong vanh da thiic C [X] , cho idéan J c6 phan tich bat kha quy rit gon nhu sau:

3 =(((+D)x—2)%) A (ix+3—i).

Gia sa J =(z(X)), theo Dinh 1y 3.8 b), ta xac dinh dugc

z(x) =c((i+1)x—2)°.(ix+3-i)

= c(—2x3 +(6+2i)x? —(16+4i)x+12—4i),

trong d6, ce C va c#0.

4. KET LUAN

Moi idéan cua vanh chinh ludn c6 phan tich bat kha quy rit gon. Trong vanh da thirc
hé sb thuc, cac idéan phan tich duoc thanh giao cua cac idéan chinh sinh boi da thuc bac
mét hoic da thirc bac hai ax”> +bx+c (a=0) c6 A=b?—4ac <0; trong vanh da thirc hé
sb phirc, cac idéan phan tich dugc thanh giao cua cac idéan chinh sinh béi da thirc bac mét.
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Nguoc lai, moi idéan trong vanh da thirc (hé sé thuc, hé sb phirc) néu biét phan tich bat kha
quy thi ta xac dinh dugc da thirc sinh cua idéan do.
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IRREDUCIBLE DECOMPOSITION OF IDEALS IN
A PRINCIPAL IDEAL DOMAIN

Le Xuan Dung, Nguyen Thi Hai Yen
ABSTRACT

The paper gives a detailed proof of the irreducible decomposition formula for ideals
in a principal ideal domain, thereby establishing the relationship between the factorization
of polynomials into products of irreducible polynomials and the decomposition of ideals into
intersections of irreducible ideals in the rings of real or complex coefficient polynomials.

Keywords: Principal ideal domain, principal ideal, irreducible ideal, irreducible
decomposition.
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