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TOM TAT

Ngi dung ciia bai bdo trinh bay si ton tai va tinh duy nhat nghiém Leray-Hopf va
nghiém khéng am Leray-Hopf ciia mé hinh bdi todn roi rac xdp xi phwong trinh Navier-
Stokes bdc phén thir trong khéng gian ba chiéu. Cdc két qua dat dwoc la su mé réng va
phat trién cac két qua da cé doi véi van dé dwoc nghién ciiu.
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nghiém Leray-Hopf khéng am.
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1. PAT VAN BE

Phuong trinh Navier-Stokes bac phéan thit trong xuyén ba chiéu T =[-7, 7]® dang
ou+v(=A)*u+u-V)u+Vvp=f

U+ v(=A)"u+(u-V)u+Vp (L.1)

V-u=0

trong do6 u(x,t) = (u,(x,t),u,(x,t),u;(x,t)) 1a vécto van tdc ciia chat long;
p=p(xt) 1a ap luc; v>0 1a hé sé nhét; f(x,t) 1a ngoai luc va (—A)“ 1a toan tir
Laplace bac phan thir. Phuong trinh Navier-Stokes bac phan thir duoc nghién ctru dau
tién bdi J.-L. Lions doi véi su ton tai va duy nhat nghiém yeu khi o € [Z,oo) . Van dé
nay ciing duoc xem xét lai trong [1]. Pic biét, tinh khong duy nhat nghiém yéu khi

a< Z da duoc chung minh béi T. Luo va E. S. Titi trong [2]. Gan day, sy ton tai, tinh

duy nhét nghiém va dang diéu tiém cén nghiém cua hé (1.1) v6i s6 hang tit dan ciing da
dugc nghién ctru chi tiét trong [3]. Trén day 1a tom tat mot sé két qua dién hinh trong s6
rat nhiéu cac két qua lién quan dén hé (1.1) ctiia nhidu nha nghién ctru trén thé gigi. Tuy
nhién, rat nhidu vn d& md van con ton tai va can dugc nghién ciru siu dbi véi hé (1.1)
(xem [2, 3] va céc tai liéu tham khdo & trong cac tai li¢u nay).
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Mot huéng tiép cin dwgc nhiéu nha nghién ctu sir dung khi nghién ctru vé phuong
trinh Navier-Stokes va cac hé lién quan la nghién ctru cac mo hinh bai toan roi rac twong
mg. Nhiéu mé hinh bai toan rdi rac duoc dé xuat va nghién ctru theo cach tiép can phu
hop. Gan day, M. Dai va cac cong su [4] di sir dung cong cu phan ra Littlewood- Paley [5]
dé xay du’ng cac mo hinh bai toan rdi rac cho nhiéu hé phuong trinh trong co hoc chat
long. Két qua nhan dugc rat kha quan vi md hinh bai toan roi rac nhan dugc van gitr dugc
cac tinh chat quan trong ctia nghiém nhu bai toan ban dau va cac mé hinh bai toan nay
dong vai tro nhu 1 cac mé hinh tdng quat chira dung cic mé hinh nghién ctru trude do [4].
Mo hinh bai toan roi rac xp xi (1.1), dugc xdy dung nho st dung cong cu phén rd
Littlewood-Paley, da dugc trinh bay trong [6] c6 dang:

d

Gp o TV T e ke =hy,
t

y (1.2)

aa +Vﬂ“2aa +ﬂ(ﬂ“9 J ]+1 ﬂ“g—l j l)+77(/1j+l j+1 //{’jgajaj—l):bp

voi j=12,3,---. Trong d6, v>0, a >0, /1j =21 96[1,%], bj(t) la cac ham

cho trude. Két qua vé sy ton tai nghiém ciing da duoc dua ra trong [6] nhung thiéu chimg
minh chi tiét. M6 hinh (1.2) c¢6 thé dugc xem 12 mo hinh téng quat vi cac mé hinh trude do
¢6 thé nhan duoc nhu 1a mot truong hop riéng.

Trong bai bao nay, chung toi tiép tuc nghién ciru mé hinh bai toan rdi rac (1.2). Cu
thé, ching t6i chimg minh mot s6 két qua méi vé sy ton tai va duy nhat nghiém Leray-
Hopf ctia hé (1.2), tinh khong 4m cua nghiém Leray-Hopf. Ciu tric bai bio nhu sau: Phan
1: Pat vin d&; Phan 2: Kién thac chuan bi; Phan 3: Sy ton tai va tinh duy nhat nghiém
Leray-Hopf va nghiém Leray-Hopf khong am. Noi dung phan nay trinh bay chimg minh vé
su ton tai va tinh duy nhat nghiém Leray-Hopf va nghiém Leray-Hopf khong 4m cta md
hinh bai toan roi rac (1.2). Cudi cung la danh sach céc tai li¢u tham khao dugc st dung.
Trong bai bdo ndy, ching t6i sir dung ky hiéu C,,i=0,12,..., 1 cic hiang sb voi gia tri
thay d6i phut hop véi cac bién ddi twong tng.

2. KIEN THUC CHUAN BI

Dé nghién ctru su ton tai nghiém cta md hinh bai toan (1.2), du tién ching ta can
dinh nghia khong gian trang thai phu hop. Pat S° = (* khong gian cac diy sé dugc trang bi
tich vo huéng va chuan nhu sau: Gia sir U:={u }>, va v:={v,}>, 1a cac phan tir cia S°:

(u,v) ::iunvn, lull o= f(u,u), = (Zu§)5 < .

Khoéng gian S°, seR, la khong gian cac diy sd duoc trang bi tich vo hudng va
chuén nhu sau:

o0 © E
V), = AZuy,, lul,=Juu), = 12u?)7 <c.
n=0 n=0

Tiép theo, ching ta c6 mot s6 khai niém vé nghiém cia bai toan (1.2) nhu sau (xem [7][8]).
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Pinh nghia 2.1. Mot nghiém yéu trén [T,00) (hodc (—o0,00) néu T =—o0) cua (1.2)
la mot ham a(t) xac dinh trén [T,o0) va nhan gia tri trong S° thoa man
a,(t) e C*([T,)) vacac a,(t) thoa man cac phuong trinh cua (1.2).

Dinh nghia 2.2.

a) Nghiém yéu a(t) coa (1.2) dugc goi la nghiém manh trén [T,,T,] < [T,) néu
Il aIISa bi chan trén [T, T,].

b) Nghiém yéu a(t) cua (1.2) dugc goi la nghiém manh trén [T,o0) néu Il all o b
chan trén moi doan [T, T,] [T, ).

Pinh nghia 2.3. M{t nghiém Leray-Hopf a(t) trén [T,o0) cua (1.2) 18 mot nghiém
yéu a(t) trén [T,0) cua (1.2) thoa min bat dang thic ning luong

Il a(t) I 20 +2v£J Ia(s) z ds< Il a(t,)l 20 +2I; (b(s),a(s)),.ds

véimoi T <t, <t va hau khap noi t, € [T,).
Nghiém Leray-Hopf a(t) trén [T, o) dugc goi la khong am néu a_(t) >0 véi moi
nvatell, o).

3. SU TON TAI VA TINH DUY NHAT NGHIEM LERAY-HOPF VA NGHIEM
LERAY-HOPF KHONG AM

Sy ton tai nghiém Leray-Hopf ctia (1.2) 1a ndi dung cua dinh 1y sau.

Pinh ly 3.1. Gid sir v, o la cdc s6 thuc diong va @° € S°. Véimoi t >0, gid sik rang

kd t
Z(;/Ij‘z”‘ jo b? (z)d7 <o, (3.1)
j=

Khi d6, bai toan (1.2 )c6 nghiém Leray-Hopf a(t) trén [0,0) thoa man a(0) =a° va
Dinh nghia 2.3. ‘ ‘

Chung min’h. Chuing ta s& chiing m’inh su th tai nghiém Leray-Hopf cta (1.2) bang
phuong phap xap xi Galerkin. Vi bat k}‘/ sO tu nhién k , ching ta ky hi¢u day
a*(t) = (ag (1), a) (t),---,a (1),0,0,---), véi a; “(0)= a , j=0,1,2,---k, va a“(t) thoa

man h¢ phuong trinh:
d
8ol v+ palal < nA LY b,

d «
et CHvaiial + B(A]alal,

—A74(@j1)") + (474 (a],.)" - Alajaj,) =by, j<k-1, (3.2)

d «
aa: +V/1j2 a:: _ﬁﬂkg-l(a:—ﬂz _77/1k ak ak a=
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Lay tich vo huéng (3.2) voi @, chung ta nhan dugc:

1d X
— 1l a* ||2 +vila* ||2 b.a¥. ,
>t JZ ] (33)
St dung bat dang thirc Cauchy-Schwarz cho vé phai cua (3.3), ta ¢6:
1d i S o 1
Ed_” a* || +vila* I|§aS(Zijz bJ.Z)Z(Z(;/Ij2 (a‘;)z)2
1 d (3.4)
ﬂ 2”‘bz - || a“ ||§a .
2v i
Do d¢,
EII a“ % +vila“l?, <= Zﬂ‘zabz (3.5)
dt Vi
Theo dinh nghia chuan trén khong gian S° va S%, taco
d 1&
—la* 1% +vi a3 <= izabz ,
dt s Sy ,Z‘ (36)

Str dung bt dang thirc Gronwall, ta suy ra tir (3.6) ring

1 ¢t K
k 2 —vt k 2 —v(t-s) —2a2
la“@1%, <e™la“©O)I? +;j0e }joj/lj b?(s)ds

1 0
<e™la (0)I% +=> j; A%b2(s)ds. 3.7)
1% i=0
Tir (3.1) va (3.7), ta suy ra a*(t) bi chan trén [0,0). Theo Iy thuyét phuong trinh vi
phan thuong, hé (3.2) ton tai duy nhét nghiém a* (t) trén [0, ).
Mit khéc, tir (3.1) va (3.7), chiing ta suy ra sy ton tai M thoa mén:
la(t)I<M véimoi j,k,t=0.

(38)
Khi do, sir dung (3.1) va (3.8) sé thu dugc:
a5 () —a5(s)| < | [ (~val — pasa —nA! (&) +by)dz |
1 1
<[Llas 1 +B18 al [+n! |af e +(] 4*bido)2([ 22da)
1
<(WM + SM? +9AM?) [t —s|+C |t —s|?, (3.9)

voi j=1,2,---, k-1,

@l () -al(s)| < | [ (varal - pajalal, - 27, (a),)?)
—77(/1]+1(aj+1) —Zfaj ]1+b)dr|

<[22 1 |+ a1 @, | +A7 @, )

(A8 P44 18l [l dr +([ 2% bidz)? (j Wdr)z
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1

SWAPM + BA] + AL )M +17(A] + A )M?) [t=s | +CA7 |[t=s 2. (3.10)

j+1

t
|l () -a ()] < || (—vai“as + B2, (a)" +nAlaa, +b)dr |

t t E t 1
<[ 0Af 1&g |+ 1o, P! |ag T el D +([ A2 “bide)? ([ 4 edr)?
1

SWAPM + A M+ A M?) [t—s|+C A7 [t—s 2. (3.11)
Sir dung (3.9), (3.10) va (3.11), ta co
S 1 e -an(s)| ;

d,(@“(t),a“(s)) = Z;, 2 e |2 (1) -8 ()] - Clt-s|2. (3.12)

Diéu nay cho phép chiing ta két luan rang day {a*} 1a mot day ham lién tuc dong
béc trong C([0,0);S?2) véi diéu kién ban dau bi chan (chi s6 dudi W c6 nghia lién tuc
yéu). Do do, theo dinh 1y Ascoli-Arzela, chung ta suy ra rang {a*} 1a compact tuong ddi
trong C([0,T];S2) v6i moi T >0. Sir dung qua trinh chéo hoa, chiing ta c6 {a*} la
compact twrong ddi trong C([0,);S?) . Chuyén qua gi6i han, chiing ta nhan dugc su ton
tai ham lién tuc yéu a(t) nhan gia tri trong S° thoa man

a“ —a khi k, — oo trong C([0,);S?). (3.13)
bic biét, a'j‘" (t) = a;(t) khi k, > o0, véimoi j,t>0.Do do, a(0)= a’ . Hon nira,

ayr (1) =ay (0)+ [ (-vayf - fafral — A () +b,)dr,

va
t
aln(t) =al (0)+[ (—vAi“al - B(A/alaf, — 47, (af)’)
—n(A,(af,)* —Aaralh ) +b,)dr

v6i 1< j <k —1.Lay gi6i han khi k — o0, ta thu duoc

t
8 (t) = 3 (0) + [ (~va, - faga, —nA'a +b,)dz,
va
t
a,(t) =a,(0)+ | (—vA}"a; - B(A]aja,,— 4], (3, ,)°)
_U(/Ijil(am)z - ﬂvfaj a;,)+b;)dz.
~ ‘A A 1 \ 5 ~
Vi a;(t) lién tuc nén a; € C*([0,0)) va thod man (1.2).
Cubi ciing, chung ta can chirng minh a(t) thoa mén bt ding thirc nang luong trong
Dinh nghia 2.3. Theo (3.3), a* (t) théa mén ding thirc ning lugng

1d
L a 112, +v Il % 112, = (b,a%).,. (3.14)
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LAy tich phan (3.14) trén [t,,t] ta dwoc:

t t
Ila* () 12, +2v j{o la* ()12, dz =l a (&) 12 +2 Lo (b(r),a" (). dr, (3.15)
véi moi t >t, > 0. Khi d6, day {a*} bi chan trén L*([t,,t];S*) véi mei t>t, >0.
Két hop véi (3.13), ta c6  la“(s)-a(s)ll,—>0 khi k —oo. Dac biét,

I a (t) I o—la)ll, khi k, —o, hau khip noi trong [0,00). Lay t, >0 bat ky ma

I a* (t,) I ol at) lly, khi k, — 0. Véi moi sd nguyén duong N , ta co:
t t
Ia* ()12, +2v Lo Z(;z,?a (@% (r))*dz <l @ (t,) %, +2 L (b(), a* (7)), dr.
J:
Su dung (3.13) va cho k, — oo, ta co:

t Q t
Il a(t) II§0 +2VL0 JZ_(;AJZ (a (0))’dz <l a(t,) II§0 +2jto (b(z),a(r)). dz.
Cho N — o va str dung dinh ly Levi, ta c6:
t t
Il a(t) ||§0 +2VIto Il a(z) |l z dz <l a(t,) ||§0 +2J‘IO (b(z),a(r)),.dz,

v6imoi 0<t, <t vahau khip noi t, trong [0,0).

Nhén xét 3.2

i) Chitng minh sw ton tai nghiém Leray-Hopf a(t) cia (1.2) trong Binh Iy 3.1 van
con diing cho bat ky mién [T ,0) .

ii) Néu o =1 va b khéng phu thudc vao thoi gian, thi ching ta nhan dwoc két qua
ciia chitng minh Pinh 1y 4.1 trong [9] doi véi mé hinh bai todn roi rac cia phirong trinh
Navier-Stokes.

Tinh duy nhét nghiém Leray-Hopf cua (1.2) 14 ndi dung cta dinh 1y sau.

Pinh 1y 3.3. Cho truéc v , a la cdc sé thwc dwong va véi moi t2>0,

Z(‘;;tj—z“jot b?(z)d7 <co. Gia sir a(t) va u(t) la hai nghiém Leray-Hopf ciia (1.2) véi cing
J=

LA A 2 0 0 vo s LA . X .~
dieu kién ban dau a” € S". Gia sur ton tai so J thoa man

la, (1) [<CyA7* ™, vj=J, vate[0,), (3.16)
trong 6 C, 1a hang s6 thoa min
Coll BIA*+| BIA +|n| A%+ A7) <v. (3.17)

Khi do, a; =u;, Vj =0, trén [0,0).
Chitng minh. Vi a(t) va u(t) 1a hai nghiém Leray-Hopf cia (1.2) vdi cung diéu
kién ban dau a° € S°, taco
d d
a(aj —u;)? :a(af—Zajuj +u7)
d

d d d
:2[(ajaaj +U; dtuj)—(ajauj +ujaaj)].

(3.18)
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Tu (1.2), ta suy ra
d d
aao+vao+ﬁaoa1+nﬂf’af=bo, aoaao+va§+ﬁa§a1+nﬂfaoaf=aobo,

d d
Uy 8 +Vaoly + Sagal, +14/aUy = Ughy, g Yo+ Vo + Bl 77 002 <,

d d
Uy auo + Vug + ﬂugul + 7Mfguoul2 =Uhy, 3 auo +vagly + fagugu, + 7Mfaoul2 = a,hy,

4 2
j+1aj+1

— a7 ) +1(A —Ajaa; ) =b;,

]

d 2a 0
aaj +v&j a, +ﬁ(/1j a;a;,,

0 2 0 .2 0,2
Ai48548)) +17(A1485,,8; — 47 8;8;,) =ayb;,

d
& vAi“a® + p(A/a%a,,, -

4 0 A2
18;;,,U; — 47,87 ,u;) +n(4

6 A2 0 .
188, @il —Ajaa, ,u) =ub;,

d 2a
Ujaaj""%j ajuj+,8(l %t T4 4

0 ,2
j+1uj+l

A] Ui ) +n(A ~Auu)=b,

d «
aujﬂ%f u;+B(A/uu,, - J

)tj"_lu J.Z_lu ) +n(A%,u?

d 2a,,2 6,2 0,2
ujaujﬂ//lj uj + B(4;uju iaUjaU; —Auiu ) =ub;,

j+H1

faaul, —Aauu ) =apb;,

d 2a
aj_uj'ﬂ//li ajuj"‘lg(ﬂL fRx Al Rl % R Bl Rl R

dt
véi j=1,2,3,.

Chung ta nhom cac s6 hang mot cach phu hop s& duoc

d d
aoaao +U, —U, :_V(aé +u§)_lg(a§a1 +U§U1) _77116(30312 +uou12) +a0bo +Uobo’

4 4 2
jauiu; ., — 47 au7 ) (4

dt

va

d d

Uy a a, ta, a Uy = —2vagl, — B(8,a,U, +agUgl;) _77216 (aizuo + aoulz) + 3,0, +Ughy.
Suy ra,
d d d d 2 2 2
(a, aao +Uq auo) - (U, aao +3a, auo) =—v(a, —U,) —B(aga, +Ugu, —a,a,uy —agUgl, )
_77116 (aoa12 + Uoul2 - a12u0 - a0U12)- (3.19)
Tacé
d d i}
8y 4 Uy U = —vA(a] +uf) —B(A)aca,, — A @ a; + Aluiu,, — A7 u? u;)
—n(/lfﬂajilaj —ﬂfa]?aj_l +/1;9+1u]?+1u J. —/Ifu]?u (1) +ajb, +ujb;,
va

d d 2a [ 0 42 14 14 2
u; Eaj +a, auj =-2vA;“a,u; —B(A4/a;a, ,u; — A a7 U, +A7auiu;, — AUy )

7 2 0 0 2 0
—77(/11.+1aj+1uj —/IJ. a;a; U, +/1j+1ajuj+1 —/1j ajujuj_l) +ajbj +ujbj.

T
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Suy ra,
d d d d 2a 2
(ajaai+“J‘E“J)‘(“iaaj+aia“i):‘ ZE CAET)
0,42 0 A2 o,,2 g 2
—-p(Ajaja;,, — A a7 ,a; +A/uju;, —A7,U5 ;)

4 0 A2 4 4 2
+B(A/a;a,,U; — A4 ,a7,u; +Ajauug, — A ,a,U5 )

L o
2] 2 OA2 2] 2 0,,2
—n(ijﬂamaj —ﬂ,j a;a, +/1j+1uj+1uj —/Ij uju;,
+n(A%asu —A%aa u +1% au’, —1%auu. ) 3.20
N Aa@5al) — 47838 4U; + 47 ,3U7, —A7a;uU; ). (3.20)

Chuting ta sa'ip xép lai céac sb hang trong (3.19) va (3.20) dé lam xudt hién hang tir
a; —U; nhu sau:

_ﬁ(aéai + ugul — 8y Uy — aououl) = _ﬁ[aoai(ao _uo) _Uoul(ao _uo)]

= —ﬂ(a0a1 - Uoul)(ao - uo) = _ﬂ(aoai —Updy +Upd — uoul)(ao - uo)

= _:B[ai(ao _uo)+uo(ai _u1)](ao _uo) = _ﬂai(ao _uo)2 _,Buo(ao _uo)(a1 _ul)’
va

A (808, +Uguy" —a/u, —au’) =14 [af (8, —Uy) — U/ (8, —U,)]
= -4 (& —u/)(a, —uy) =74’ (& —au, +au, —u;)(a, —u,)
=14 [a, (8 —u;) +u, (8 —u;)](a, —Uy)
=148, (8 —u;) (@ —Uy) — 74U, (8, — U, ) (8, —U).
Suy ra,
(3 + Uy )~ (8,3, ) = (3~ )
—f38,(8, —U,)* — Bu, (8, —Uy)(a, —u,)
A’y (8, —uy)(@, —Up) — AU, (& —U;)(3 —Up).  (3.21)

Taco
0,2 o 2
WAGEE! — AU ,u;)

0 o 2 0 0 2
+,8(/1j a;a;,,U; —/‘tj_laj_luj +/1j a;u;u;, —ﬁj_lajuj_l)

] 2 a,.2
j — Aa@j48) A7 UU

:_ﬂ[ﬂjﬁajam(ai _UJ')_/lJ'e-laiz—l(aj —U;) —ﬂfujum(aj _uj)"‘;t}g—luf—l(aj —u;)]
=—pA] (a;a;,, —uu,,.)(@; —u;) +BA7, (@, —u?,)(a; —u;)

=—p/(a;a +u;a, —U U, )@ —u;)

+B21(8] 1 —ay Uy +ay U UL )(@ —u))

=—A23,1(a —u))" = BAu (8, —u; )@, —U;.)

+ﬂ/1f-1aj-1(aj-1 - uj—l)(aj —U; ) +IB/1jH-1uj—1(aj-1 _uj—l)(aj —U; ),

j+1_ujaj+1
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va
—77(/1”1 J+1 ﬂ’jgajzaj 1+ﬁ“;9+1uj+lu _ZHUZUJ 1)
+1(A]a5,u; — A/aa u, + Al - Alauu; )
= 77[/11+1 J+1(a U) ﬂ’] j j—l(a U) ﬂ'ﬁl j+1(aj_uj)+ﬁ“}9ujuj—1(aj_
=A@, —u )@ —u;) +nA] (a3, —u;u; )@, —-u;)
= 772’]+l(aj+l J+l j+l+a]+luj+l J+l)(aj_uj)
+nA] (8,48, —U,,a; +U,,a, —u, ,u;)(@; —Uu;)
= Uﬂﬁl (@ —U)(@), — ) — 77/1“1 (@ —U)(@), — )
+nAla; (@, —u; )@, —u;)+nAlu, (3 —u;)’.
Suy ra,
d a
(’dta‘+u’dt - (Jdt ; du)——v/l2 (a;—u;)?
~pAja (@ —u;)* = pAlu; (a; —u; )@, —u;,)
+ﬂj‘?laj 1(aj—1_uj—1)(a —U; )+ﬂ 4Y; l(aj a7~ 171)(aj _Uj)
77114-1 J+1(a' _u')(aj+1_uj+1)
77&1+1 (@ —U)(@;,,—Uj,) +77}“faj (a4 —U;4)(a _uj)+77ﬂ“}9uj—l(aj _Uj)z-
Tir (3.18), (3.21) va (3.22), ta c6
d
a(ao —U0)2 = —2\/(&0 —U0)2 _Zﬂai(ao _uo)z _zﬂuo(ao _uo)(31 _ul)
_277]1631(31 —U;)(8, —Uy) — 277119“1(31 —U;)(a, —Uy),
va
d «
a(aj —u;)? =-2vA}“(a, -u,)* —2pA]a;,,(a; —u,)* —284u;(a; —u;)(a;,, —u
+2ﬂl€ a;4(a;,—u;,)(3 _u_)+2ﬂﬁf U, (@, —uj)(@; —u;)
27711+1 (@ —u;)(@;, —ug,) 277}““1 (@ —U)(@;,,—Uj.)
+2nAla; (@, —u; 1)@, —u;)+2nAlu, ,(a, —u;)?,
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v6i j=1,2,3,--
Tir (3.23) va (3.24), lay tong theo | ta duoc

EZ(aj —U))" ==2v) A5 (8 -y
dt i j=0

—Zﬂzt;/lfam(aj ~u;)? —Zﬁz(;ifuj (a;-u,)(a;, -u
1= J=

j+l)

u;)l

(3.22)

(3.23)

j+1)

(3.24)
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+2ﬂzl j 1(a a~ _1)(3- —U ) +2ﬂzi LU (@ -

_2772114 J+1(aj —U; )(aj+1 _uj+1)

_2772}%1 j+1(a‘j _uj)(aj+1 _uj+1) ‘*‘2772/1]63-] (aj—l -
i—0

+2772/1 (@ -

Vi aj =U; =0 v6i j<O0, tathu gon (3.25) thanh

EZ(aj —uy)?=-2v)y A" (a;-u;)?
dt i j=0

0

_Z'lejgajﬂ(aj _uj)z +2:82/1;9-1aj_1(aj_1 _uj—l)(aj -
. =

_anﬂlﬂ (@ —up)(@), —Uj.,) +2772/1j0u171(aj -
=0

u;,)(@;—u

uj—l)(aj -

u;)

2
u;)”.

Lay tlch phan (3.26) trén [0,t] va st dung a(0) =u(0), tacé

Z(aj O -u;0) =-2vY" [ 22 (a;(0) —u, (1)) dr
. 2

—Zﬂz [, 2/8,.(0)(@; (1)~ u ())dr

+2ﬂZIO 2] 184 (r)(a () —u; 4, (7))(a; () —u;(2))d7

_ZUZI A]#—luj#—l(r)(aj (T) - uj (T))(aj+1(r) - uj+1(T))dT

+277Zj0 A, (0@, (-, () =23 [ 2@, () ~u (7)) dr

+A+A+A+A +B +B,+B,+B,,
trong do

=283 [ Afa,(0)(a, () -u;(2))dr,

A, = Zﬂz [, 472,()(@; () ~u; (O)@;.4(7) — U, (0))d,

——an [0 20,0, (D)@ (0) U, (0)(@;4(2) -, (),

A= ZnZ [ 20, ()@, (0) ~u () dlr,

i)

u;)
(3.25)
(3.26)
(3.27)
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B, = —Zﬂji‘, [} 472, (7)(@, (7) —u, (2))?dr,

B, - 2ﬂ§ [ 2%, (2)(@, (1) ~U, ()@, () ~u . ())dr,
B, =203 [, 4841, () U, (@) -y ().
B, - 277]2:, [} 20,0, ()@ (0) v, a (7))

Chung ta tién hanh wdc luong cac s hang trong (3.27) nhu sau:

B, = —Zﬁg jot 208, (7)(@, (1) -u, (0)2dr <2| B Cozwg j;zfa (@, (1) -u, (0))2dr.
B, = 2@ [ 472, ()@, (1) vy (D@4 (2) ~U 4 (2)d

<2| 4| CZ [ 2022 @,(0) Uy (0))(@;.4(2) - U (2))d e

<l czz [, 22 (@, () -u, (2)*dz +| B czz [, 250 —u () dr.
B, = —ZaniJLf 20,0,.4(0)(@,(2) ~U, (£)) (8, ()~ () d

< 2|n|co§ 120,225 (8, (), (D)(@,.(r) ~U 4 ()7

< czz [, 22(a,(2) -, (2))*dz +| 7] czz [ 22@1a(0) -, (2)de.

0 t © t
B, = ZUZL //ng+1uj (T)(aj+l(z-) - uj+1(T))2dT <2|n] Coi€72a210 ;szfl(ajﬂ(f) _uj+1(T))2dT-
j=J i=J
Mat khac, 1ap lai ching minh nhu trong ching minh Dinh ly 3.1, ching ta s€ c6
nghiém a(t) va u(t) thoa man (3.8). Do do, st dung bat dang thuc Cauchy, chiing ta co:
2 ot
A+A+A+A<CY [ (a(7)-u @) dr
-0

Str dung cac danh gid trén, chiing ta c6 thé danh gia (3.27) nhu sau:
> (a0 —u, (1)* < —2vzjo A% (a,(7) -u,(2))*dz + clzjo (a,(r)—u;()?dr
i=0 j=0

j=0

O ot
+2C, (| BI A+ | BI A+ 0| A% +|n| /19‘2“)2[0 A1 (a;(r)—u;(2))*dz.  (3.28)
j=J

Str dung (3.17) va (3.28), ta c6:
28,0 -0, <C X[ (3 () -, () dr. (3.29)

j=0
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Tinh duy nhét nghiém duoc chimg minh nhd str dung bét ding thirc Gronwall va (3.29).

Su ton tai nghiém Leray-Hopf cta (1.2) véi tinh chat khong am 1a ndi dung cia dinh
ly sau:

Pinh 1y 3.4. Gid sir v, a la cdc sé thuc dwong, p la s6 thuc khéng am, n la s6

thyc khong dwong va a’ €S° thod man a? >0 véi moi j=0,1,---. V&i moi t >0, gia si
5 ks t
rang z/”tj_z“ .[o bj2 (v)d7 < oo. Khi do, bai todn (1.2) c6 nghiém Leray-Hopf khdng &m a(t)
j=0

(theo Dinh nghia 2.3) trén [0,00) thod man a(0) =a’.

Chimg minh. Ching ta thiy gia thiét cia Pinh Iy 3.1 thoa man nén hé (1.2) co
nghiém Leray-Hopf a(t). Hon nira, theo 1y thuyét phuong trinh vi phan, nghiém tong quat
ctia (1.2) c6 thé biéu dién dudi dang:

(1)=& O L L g (o) —paa(s)as,

t t
- [ A7+ pafaysnafay e Jq o [0 +pafaj1-nifa; e

a,(t) =2, 0)e 0 (0,(5) + A4 2% (5) ~ 22, ()ds,
voi ]=1,2,3,---. (3.30)
Vi a,(0) = a? >0, b;(s)=0, B 1a sO thyc khong 4m va 7 1a s6 thuc khong dwong,

v+pa (r))dr

ching ta thdy rang vé phai clia cac phuong trinh (3.30) la khong 4m véi moi j=0,1,--- va
t > 0. Piéu nay kéo theo nghiém Leray-Hopf a(t) 1a khong am véi moi t > 0.
Tinh duy nhat nghiém Leray-Hopf khong am 1a ndi dung cia dinh ly sau. ‘ ’
DPinh ly 3.5. Giad su gia thiét cua Dinh ly 3.4 thoa man. Hon nita, gia su ton tai so J
thoa man |a;(t)|< Coljz""g, Vj>J,vate[0,), trong d6 C, 1a hing s6 thoa man
Co( BIA P+ BIA “+|n| A%+ |n| A7) <v. Khi 06, bai toan (1.2) c6 duy nhat

nghiém Leray-Hopf khéng am a(t) trén [0,0) thoa min a(0) =a’.
Chitng minh. Dinh 1y nay 13 két qua truc tiép suy ra tir Pinh 1y 3.3 va Dinh Iy 3.4.

4. KET LUAN

Noi dung cua bai bao da trinh bay duoc su ton tai va tinh duy nhat nghiém Leray-
Hopf va nghiém Leray-Hopf khong 4m ctia md hinh bai toan roi rac xap xi phuong trinh
Navier-Stokes bac phan tht.
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EXISTENCE AND UNIQUENESS OF LERAY-HOPF SOLUTIONS
AND NON-NEGATIVE LERAY-HOPF SOLUTIONS OF DYADIC
MODELS FOR THE GENERALIZED NAVIER-STOKES EQUATIONS

Le Tran Tinh, Pham Thi Van, Le Chau Giang, Luu Cam Anh,
Pham Thi Quy, Le Trinh Nhu Quynh

ABSTRACT

In this article, we study the existence and uniqueness of Leray-Hopf solutions and
non-negative Leray-Hopf solutions of dyadic models for the 3D generalized Navier-Stokes
equations. Our results extend and improve the previous results.

Keywords: Generalized Navier-Stokes equations, Leray-Hopf solutions, non-negative
Leray-Hopf solutions.

* Ngay ngp bai: 06/6/2025; Ngay giri phan bién: 09/6/2025; Ngay duyét dang: 25/9/2025

* Bai bdo la két qud nghién ciru tir dé tai NCKH cdp co sé (md sé PT-2024-01) ciia
Trwong Pai hoc Hong Pitc.

102



