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BAI TOAN KEO DAl MO RONG VANH
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Trong bai b&o nay, #wéc hét chlng toi phat biéu bai toan kéo dai mé rgng vanh va
chi ra rang dix liéu cia bai toan kéo dai mé réng (b ba (E,F,6) ) xac dinh mgt E-hé chinh
qui. Mdi mé réng cia E-hé chinh qui nay 1 mét kéo dai ciia mé réng E. Tiép dén, chang toi
chizng minh két qua vé s phan 16p cac mo réng cia E-hé chinh qui. Tir d6, thu duwoc két
qud vé bai toan kéo dai mg rgng vanh.
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1. PAT VAN BE

Khi nghién ctru vé céc cau trac dai s6, mot trong nhitng van dé thuong dugc dat ra la
ma rong hodc thu hep cau trac d6 vai nhitng muc dich nghién cttu khac nhau. Vi vay, céc
bai toan mé rong nhém, mé rong vanh,... dugc rat nhiéu nha dai sé quan tam nghién ctu.
Trong nhimg nam gan day, bai todn ma rong cac cau trac dai s6 da dugc nghién cau rong rai
nho méi lién hé vai cac ly thuyét pham tri va ly thuyét ddi dong diéu twong tng [1][2]1[31[41[5].

Thong thuong, mdi cau trac dai s6 déu c6 mot ly thuyét dong diéu va ddi dong diéu
tuong tng. C4u tric nhom la cdu trac du tién c6 mot ly thuyét dong didu, dbi dong diéu va ly
thuyét ma rong nhém hoan chinh [1]. Sau d6, c6 nhitng nghién ctru twong tw cho Mo rong dai
s6 két hop va dai sb Lie trén mot truong [6]. Hai truong hop nay déu c6 ciu tric cong cia
khong gian vecto nén bai toan md rong cau tric cong 1a tim thudng va chi cau trdc nhan 1a
thuc sy suy ra tir ly thuyét d6i dong diéu. Véi bai toan mé rong vanh, ching ta gap van dé kho
khan hon 1 phai dong thoi xu Iy hai cdu tric cong va nhan. MacLane 14 ngudi c6 cong dau
tién trong viéc xay dung khai niém dong diéu va dbi dong didu vanh. Xuat phat tir muc dich
giai quyét bai todn mé rong vanh, ong di xay dung mot phire ma nhom déi dong diéu thir 2 va
thir 3 ciia N6 phil hop véi yéu cau giai quyét bai toan ma rong vanh [7].

Bai toan ma rong vanh ciia MacLane di duoc Quang tiép can theo mot cach khac
nho st dung d6i dong didu cia Hoschild [4]. Hon nita, Quang ciing d4 phat hién ra méi lién
hé giira bai toan ma rong vanh va Iy thuyét Ann-pham trii [8], nén di giai quyét bai toan nay
trong truong hop dac biét (goi la bai toan ma rong vanh Z -ché ra) nho cac két qua caa ly
thuyét Ann-pham trii [9]. Mot s6 két qua khac lién quan dén song modun chéo trén vanh
(mot khai niém c6 lién quan chat ché dén bai toan mé rong vanh) da duoc chi ra trong [5][10].
Ngoai ra, mot s6 két qua vé Ann-ham tir ciing di dwoc céng bé trong [11].
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2. KIEN THUC CHUAN BI
2.1. Bai toan mé rgng vanh
Pinh nghia 2.1. [7] Mét song tich o cua mot vanh A la mét cap cac anh xa
at> oa, at> aoc tu A vao chinh né thoa man cac diéu kién sau voi moi a,b e A:
o(a+b)=ca+ob, (a+b)o=aoc+bo,
o(ab) =(ca)b, (ab)o=a(bo), a(ob)=(ao)b.
Téng o +7 vatich oz cua haisong tich o va r duoc dinh nghia nhu sau:
(c+7)a=oca+ra, a(oc+r)=aoc+ar,
(or)a=o(ra), a(or)=(ao)r.
Tap hop M, tat ca cac song tich cia A clng véi hai phép toan trén lap thanh mot
vanh c6 don vi, trong d6 phan tir don vi la song tich cho bgi cap anh xa dong nhat.
Hai song tich o va 7 goi l1a hoan vi duroc (hay giao hodn dwoc) néu ching thoa man:
o(ar)=(ca)r, r(ac)=(ra)o, VaeA
MGi phan tir ¢ e Acam sinh mot song tich z, xac dinh nhu sau:
pa=ca, au =ac, Vaeh
va duoc goi la mot song tich trong ciia A. Anh xa z: A—M,, C> 4 ,1a mot dong cau
vanh, vanéu A c6 don vithi u(1) =id. Anh uA cia dong cau z1a mot idéan hai phia cua
vanh M, (do ou, = ., 14,0 = i, ). Khi do, vanh thuong P, = M%A dugc goi la vanh
céc song tich ngoai hay vanh céc lép song tich cia vanh A
Hat nhéan cua x4, K, ={ce A|ca=0=ac, Vae A}, |a mot idéan hai phia cua A va
duoc goi 1a song tam ciia A. Chd y rang K, vira 1a mot P, -médun tréi, vira 1a mot P, -
modun phai véi cac toan tr k > ok, k - ko tuong ung. Tuy nhién, K, khéng phai 1a mot
P, -song modun.
Dinh nghia 2.2. [7] Mot mo réng E cua vanh A béi vanh T la mot day khép ngan
cac dong cau vanh:
E: 0—AHBAHo—0
Khi IT 1a mot vanh c6 don vi thi ta cling doi hoi £ 1a mot dong cau gitra cac vanh ¢
don vi va bién don vi thanh don vi. Vi A= oA la idéan ciia B nén phép dit twong tng mdi
phan tir b e Bvéi song tich trong g, ciia n6 cho ta mot dong cau u: B —M,,. Hon nira, hai
song tich trong B 1a hoan vi dugc. Vi dong cdu wndy bién idéan oA thanh nhiing song

. \ AL a 3) L. —. B M _
tich trong cua A nén né cam sinh mot dong cau: u: A{A—> %A_ Py .
Do I = %erﬂ = %A nén ta c6 dong cau @:I1—> P,. Vi moi cip song tich trong

cua #B 1a hoan vi dugc nén moi cap phan tir cia anh @(A) 1a hoan vi duoc.
Nhu vay, mdi mé rong E cho trude déu cam sinh dong cau € sao cho moi phan tir cia
anh @(A) la hoan vi dugc. Bai toan ma rong vanh duge dat ra 1a: “Néu cho trudge cac vanh
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ATT va dong cau @ thi cd ton tai mot mo rong twong tng hay khong, vao néu ton tai thi co
bao nhiéu mé rong theo nghia trong dang?”

Hai mo rong E va E” dugc goi la fwong dang néu ton tai mot dong cau vanh ¢: B — B'
sao cho biéu do sau giao hoan

3 B
E: 0 A = B 11 0
id ¥ id
o B
E': 0 A B’ II 0

T tinh giao hoan cua biéu dd nay suy ra ¢: B — B'la mot déng ciu.

MacLane [1] da chi ra rang tir cac dir kién cua bai todn ma rong vanh suy ra ton tai
mot 3-doi chu trinh f € Hom (T, K, ) ma l6p déi dong diéu ba chiéu cua né duoc goi la cai
can tre cia @:T1— P,. Khi do, diéu kién can va du dé ton tai mot mo rong ciia vanh A béi
vanh I1 cam sinh dong cau @:T1— P, lacéi cantrocia @ bang 0. Hon nita, s6 16i giai ciia
bai toan m¢é rong vanh dugc cho trong dinh 1y dudi day.

Pinh ly 2.3. [7] Néu ton tgi mét mo réng vanh cia A beiIl cam sinh @:T1— P, thi
tdp hop cac lép tuwong dang cua nhing mé réng do twong ing 1-1 Véi nhém doi dong diéu

H?(I1,K,), trong dé song tam K, cua A la mét Il -song médun véi tac dong cam sinh 6.

2.2. Ann-pham tru va Ann-ham tir

Cac khai niém Ann-pham trd va Ann-ham tir d3 duoc trinh bay chi tiét trong [8, 10].
O day, ching t6i chi nhic lai phép dung Ann-pham trii thu gon cua mot Ann-pham trii va
mot vai két qua da biét vé Ann-ham tu.

Cho A la mot Ann-pham tri. Tap R=7,A céc Iop vat dang ciu caa A 1a mot vanh
d6i vai hai phép toan cong va nhan dugc cam sinh tir cac luat ®,® trén A, con tap
M = 7,A = Aut(0) céc tw dang ciu cua vat 0 1a mot nhém aben ma phép hop thanh dugc ky
hiéu boi dau +. Hon nita, M 12 mot R-song modun.

Ann-pham tru thu gon S, dwoc xay dung nhd phép chuyén cau tric (xem [5]), ¢6 cac
vait la cac phan tr cia A, cic mii tén la nhiing ty dang cau
(ssu):s—>s,serA,uer,A. Hop thanh cia hai mdi tén dugc xac dinh bai:
(s,u)o(s,v) =(s,u+Vv).

Khi do, pham tru A twong duong véi phamtru S, vata ciing goi S, 1a moét Ann-pham
tr0 kieu (R,M). Hon nita, méi Ann-ham tir giira cac Ann-pham trii A — A" cam sinh mot Ann-
ham tir gitra cac Ann-pham tri thugon S, —S,. va tap cac I6p dong luan caa cac Ann-ham tir
14 trong tng 1-1 v6i nhom di déng didu vanh 2 chiéu theo nghiia cia MacLane [1].

Pinh ly 2.4. [10] i) M6i Ann-ham tiz A — A' cam sinh mgt Ann-ham t S, —S,,. kiéu
(p,9), rong dé p:mA —> 7, A", q:mA > A"
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ii)Ham tir F:S —S' kiéu (p,q) tir Ann-pham tri S kieu (R,M) dén tir Ann-phgm
tru S'
kiéu (R',M") 1a mgt Ann-ham tz néu va chi néu céi can tré k triet tiéu trong HZ_ (R,M").

Khi dé, ton tai song anh Hom( " [S,ST«> HZo (R,M), trong @6 Hom([% [S,S] la tdp cac

l6p dong luan ciia cac Ann-ham tir kiéu (p,q) tr S déntir S'.
2.3. E-hé chinh qui

Pinh nghia 2.5. [12] Mot E-hé la mot bo bon (B,D,d,d), trong do
d:B—D,0:D—>M, la cic dong ciu vanh thoa man cac diéu kién sau véi moi
xe D,beB.

God =y, d(@b)=xd(), dbo,)=d(b).x

E-hé (B,D,d,#) duoc goi la chinh qui néu 6 1a déng cau bién don vi thanh don vi va
cac phan tir thugc @(D) 1a hoan vi dugc.

Mot dong cdu (f,, f,):(B,D,d,8) —(B',D',d",@") giira hai E-h¢ bao gém cac dong
cauvanh f:B—B', f,:D—>D'saocho f,d=d'f va f lamotddng ciu toan tir, nghia
la fl(exb) = elfo(x) fl(b)! fl(bex) = fl(b)e‘fo(x)'

Dé cho tién, E-hé (B,D,d,8) d6i khi con duoc ky hiéu boi Bi> D hoac don gian la
B — D. Tir dinh nghia E-h¢, ta thay ngay cac tinh chat sau.

Ménh dé 2.6. [12] Cho E-h¢é (B,D,d,6). Khi do,

i) Kerd cKg,

i) Imd la mét idéan trong D,

iii) Bong cdu @ cam sinh dong cdu ¢:D — M, chobsi ¢, =6,] .,
iv) Kerd la Cokerd-song médun véi tac dong:

sa=¢@,(a), as=agp,, aecKerd, xes,seCokerd.

3. KET QUA NGHIEN CUU
3.1. Bai toan kéo dai mé rong vanh

Pinh nghia 3.1. Cho cac m¢ rong vanh E cua A boi II, mé rong vanh E’ caa A boi
IT" vamé rong vanh F cua I1 boi IT,
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11 (0]
Trong d6 i 1a dong cau tam (nghia 1a i(A) = Ky), cac hinh vudng giao hoan. Khi do,
ta n6i mo rong E° la kéo dai cua mo rong E, ky hiéu E'=EA.
Nhan xét 3.2.
i) Do cac miii tén A vai’la don ciu nén B ciing la don céu.

ii) Tir dinh nghia trén ta suy ra day khép ngan
0— B B 2% Il — 0
V6i day khép ngan nay, ta c6 B = B la idéan hai phia cua B’. Phép dat twong tng
mdi b'eB' voi song tich trong . coa nd cho ta mot dong cau vanh
4B —> Mg, ub=b'b, b, =bb'".
Khi d6, w cam sinh dong ciu vanh @:I1'— My, 6, = p,,,, (V6i x'ell' thi

u(x') € B'sao cho p'(u(x’) = x") thoa man hai tinh chat

B d T @

N ,/0 véi o = A\p
Mp

5(0.b) = 1 (G(), F(bO,)=5(b)w, Vxell,VbeB ?)

3.2. M6ibo ba (E,F,0) ciia bai toan kéo dai mé rong cam sinh mgt E-hé chinh qui
Pinh nghia 3.3. Ta goi mot bg ba (E,F,6) cua bai toan kéo dai mo rong bao gom
cac mao réng
E: 0—3A3+B -2 —40
F: 0 —s I 2500 —Z5 Tl —+0
sao cho i(A) — K, vamot dong cau vanh &:T1'— M, thoa man cac hé thic (1) va (2).
Nhu vay, mdi bo ba (E,F,0) cua bai toan kéo dai mé rong vanh xac dinh mot E-hé
(B,IT', Ap,H).Van dé dit ra la c6 ton tai hay khdng mot mé rong vanh cia A bai TT', 1a kéo
dai cia mo rong E va cam sinh @2 Trong truong hop ton tai kéo dai ma rong, thi “sd 10i
giai” 1a bao nhiéu? Dé cho tién, ta ddng nhat mdi phan tir a € Avéi anh i(a) cua no trong
B, va dong nhat mdi phan tir x e [T1véi anh A(X) caa né trong IT".

3.3. Ann-pham tru chat ché xac dinh béi E-hé
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Vé6i mdi E-hé (B,D,d,0) ta co thé xay dung duwoc mot Ann-pham trd chat ché
P=P, ,,, goi la Ann-pham tru chat ché xac dinh bai E-hé, nhu sau: Ob(P) = D.

Véi hai vat x,y caa P thi Hom(x,y)={beB|y=db+x}.

Hop thanh cta cac mili tén dugc cho boi: (x—2—>y—->7) = (Xx—2°>7).

Téng hai vat: x®y=x+y (phép cong trong D).

Tong hai miii tén: (X—2>y) @ (X'—2>y) = (X + X' —22 5y +y)).

Phép toan tensor trén céc vat dugc cho boi phép nhén trong vanh D: x® y = xy, va
V6i hai mili tén (x—2—y), (x'—2—y") thi phép toan tensor trén cac milii tén la

(X—>y)® (X' —>y) = (xx’ yy).

Tir dinh nghia cua E-hé, d& kiém tra duoc ring ® la mot ham tirva P tro thanh mot
Ann-pham tr0 véi cac rang budc duoc xac dinh déu 1a chit ch&. Ann-pham tru thu gon
S, = (Cokerd, Kerd, k), k e H®(Cokerd, Kerd).

Trong truong hop E-hé (B,IT',Ap,d) duoc xac dinh bai b ba (E,F,d) cua bai toan
kéo dai ma rong thi ta cé

7,P=Coker(Ap) = Cokerd =I1,, 7,P=Ker(ip)=Kerp=A, k e H3(I1,, A).

Dic biét, vanh D duoc xem nhu mot Ann-pham trui kiéu (D,0,0), ky hiéu bai DisD,
ta co két qua sau:

M¢nh @é 3.4. Cho P=P,_ Ia Ann-pham trii chdt ché xdac dinh bai E-hé (B,D,d,6)
va S, =(Cokerd, Kerd,k) la mgt Ann-pham tru thu gon cua P. Khi do, ton tai mgt Ann-
ham tix F : DisD — P cam sinh toan cdu chinh tic y: D — Cokerd khi va chi khi cai can
tré y *k triét tiéu trong H*(D,Kerd).

Chiing minh: Gia sir ton tai Ann-ham tir F : DisD — P cam sinh toan cau chinh tac
7D —>Cokerd. Khi do, theo Dinh Iy 2.4 i), F cam sinh Ann-ham ti I': DisD — S, kiéu
(7,0). Bai vay, theo Binh ly 2.4 ii), tacé y*k =0 trong H?3(D,Kerd).

Nguoc lai, néu y*k =0 trong H?*(D,Kerd) thi theo Dinh ly 2.4 ii), cip (7,0) xac
dinh mot Ann-ham ti T': DisD — S, = (Cokerd, Kerd, k). Goi (H,H,H):S, — P la Ann-

ham tir chinh tic, thi c&i hop thanh (F,lf,lf):<DisD (LD 4§, —(HHH) >IP’) la mot

bb'+6b,.+6,b’

Ann-ham tir.
B6 d& 35 »*k=0 trong H3(D,Kerd) khi va chi khi k=0 trong
H®(Cokerd, Kerd).

Chitng minh: Theo Ménh d¢ 2.6.iv), Kerd la mot Cokerd-song modun véi tac dong
sa=6a, as=ad,, acKerd, xes,seCokerd.

Tac dong cua D 1én Kerd la cam sinh bai tac dong caa Cokerd 1én Kerd doc theo dong
cau y. Boivay xa=y(x)a=60a, ax=ay(x)=ad, aecKerd,xeD.
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Bay gio, gia st y*k =0of, véi f : D* — Kerd. Nghia la véi moi x,y,ze D taco
y*k(x,y,2) = (@)X y,2) =xf (y,2) - f(x+y,2) + £ (X, y +2) - F(x,y)
hay k(yx,7y,yz) =()(x,y,2) =xE (y,2) - f (x+y,2) + F(x, y +2) - T (x, y).

V&i mdi s e Cokerd ta chon mot dai dién x, e D va datg(r,s) = f(x,,x,), sa=xa
ta duoc X, f(x,%)=rg(s,t), va do do k(r,s,t)=(5g)(r,s,t), V6i r,s,teD, nghia la k
triét tiéu trong H*(Cokerd, Kerd).

Nguoc lai, néu k =ag, nghiala k(s,r,t) =sg(r,t) —g(s+r,t)+g(s,r +t)—g(s,r) thi
ta dat f(x,y) =g(¥(x),7(y)), xa=y(X)a=sa,véi xes,yer,zet,acKerd. Khi do
(7 *Kk)(x,Yy,2) = (6F )(X, Y, Z),nghia 1a »*k triét tieu trong H*(D, Kerd).

Ménh dé 3.6. k triét tiéu trong H®(Cokerd, Kerd).

Chirng minh: Goi I': DisD — Pla Ann-ham tir chinh tic. RG rang, I' cam sinh toan
cdu chinh tic y: D — Cokerd. Bai vay, theo Dinh Iy 2.4 iii) va theo Bé dé 3.5 thi k triét tiéu
trong H?*(Cokerd, Kerd).

Heé qua 3.7. Vi cach chon dinh thich hop thi Ann-pham tru thu gon S, la chat cheé.

3.4. Phan lép cac mé rong caa E-hé chinh qui

Pinh nghia 3.8. Mot mé réng cua E-hé chinh qui (B,D,d,#) 1a mét ddy khép ngan

o E: 0 — Kerd -5 B' 5 D — 0
va mot dong cau vanh f:B — B' sao cho biéu do6 sau giao hoan

B—2 +p

id

. sl
i/ p

0 — Kerd B’ D 0
Déi vai E-hé (B,IT,Ap,H) xac dinh boibo ba (E,F,8) thi méi mé rong caa né chinh
la mot kéo dai ciia mé rong E. Ky hiéu Ext, (D, Kerd) la tap cac 16p twong dang cac mé

rong cua E-hé chinh qui (B,D,d,d) va ky hiéu Hom, , [DisD,P] la tap cac lop dong luan

(7,0
cua cac Ann-ham tir tir DisD dén P cam sinh cap (7,0). Ta c6 thé phan 16p cac mo rong
cua E-hé chinh qui boi cac Ann-ham tir hodn vi duoc nhu sau. Nhéc lai ring mot Ann-ham
tr F:DisD—>P dugc goi 1A hoan vi dwoc néu nd thoa min diéu kién
(Fb)F, = F,(bF,), Vb B.

Pinh ly 3.9. Mg rgng cua E-hé chinh qui (B,D,d,8) 1a ton tai. Hon nira, c6 mét
song anh:

A:Hom,, ,[DisD,P] — Ext, (D, Kerd).
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Chitng minh: Ta xay dyng anh xa A nhu sau: Trong mdi 16p dong luan cac Ann-ham
tir tir DisD dén P cam sinh cap (7,0), ta lay mot Ann-ham tir hoan vi duoc F. Tir d6 xdy
dung mét mo rong vanh E_ caa E-hé chinh qui (B, D,d, 6).

Buroc 1: Xay dung mo réng vanh E_ cua E-hé chinh qui (B,D,d,68) cam sinh bgi Ann-
ham ti hoan vi duoc F.

Cho Ann-ham tr hoén vi dwoc (F,F,F):DisD —>P. Thé thi ta c6 cac ham
F,=f'(xy).F,=09(xy):D*—B thoa man:

F+F =df'(x,y)+F,,, FF =dg'(xy)+F,.

Do tinh twong thich cia (F,F,F) véi cac rang budc caa Ann-pham tru chit chg nén
cac ham f'(x,y),g'(x,y) 1a chuan héa ( f'(x,0)= f'(0,y) =g'(x,1) = g'(L,y) =0) va thoa
man cac hé thuc:

f'o,y+2)+f'(y,2)—f'(x,2)—f'(x+y,2)=0, T'(x,y)=1'(y,x),
Fxg'(y,z)—9'(xy,2)+9'(x,y2) —9'(x, y)Fz =0,
9'(%y+2)—9'(x,y)—9'(x,2) + Fxf '(y,z) - f (xy,xz) =0,
9'(x+y,.2)-9'(x,2)—9'(y,2)+ f '(x,y)Fz— f'(xz,yz) = 0.
Trong PP, ta chon dinh (X,i,),s € Cokerd, va dat o(s)b=xb, f(s,r)=f'(x,X),

g(s,r)=9'(x,x,) ta dugc cac h¢ thic

f(s,r+t)+ f(r,t)—f(s,r)—f(s+r,t) =0, ©)
f(r,s)=f(s,r), 4
@(s)g(r,t)—g(sr,t) +g(s,rt) —g(s,r)e(t) =0, )
g(s,r+t)—g(s,r)—g(s,t)+¢(s) f (r,t)— f (sr,st) =0, (6)
g(s+r,t)—g)s,t)—g(r,t)+ f(s,r)e(t) — f (st,rt) =0. )

Tur day, ta dung dugc mét mo rong B ={(b,s) | b € B,s € Cokerd} véi hai phép toan

(b,s)+ (b, r)=(b+b+ f(s,r),s+r), (b,s)b',r)=(be(r)+e(s)b'+g(s,r),sr).

Khi dé B, thoa min cac tién dé ciia vanh nhe cac hé thire trén. Hon nita, day sau khép

Ep:  0—Kerd— Bp 25D 50

trong do, i'(a) =(a,0), p'(b,s) = x, +db.

Mo rong nay la mot mo rong coa E-hé chinh qui boi dong cau
p:B— B, p(b)=(b,0). ’ ‘ ,

Do c6 Ann-ham tir chinh tac T': DisD — P nén phan thir nhat cua dinh ly dugc
chang minh. ‘ 7

Buorc 2: Fva F’ dong luan khi va chi khi E_ va E.. la twong dang.

Gia st F,F':DisD — P 1a hai Ann-ham tir dong luan, vaoi dong luan o F — F .
Khi d6, theo dinh nghia ciia Ann-mili tén, cac biéu dd sau giao hoan véi moi X,y e D.
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I ey - i’l / o
E" ty P"' + E’I E"!l P-"E’J
Qg y Qg+ Qg G Xy
By By .
Flyy —2 FLA T F!, Y . FiF

Theo dinh nghia phép toan ® trén P tacod o, ®a, = o, + (05 )a, +a, (65,).

Tudo,taco F. —F

X,y X,
f I(Xi y) —f (X! y) =a, — ax+y + ay’ g l(X! y) - g(X’ y) = axay + gxay + angy _axy'
Trong PP, voi hé dai dién (x,i.),s € Cokerd,

S’IX

dat h(r,s) = f(x,,x.), K(s,r) =9(X,,X,),

as :ax5’¢s =9Fx$’

y=o-a. +a,F -k =aa +6a +a,6,—a,. Suyra

ta thu duogc hé thic
h'(s,r)=h(s,rn =«a, —a,,, +a,, (8)
K'(X,y)—K(X,y) =a.a, +p.a, +a.p, —a.,. 9)
Bay gio, dit #:B. — B, (b,s) > (b+a.,s), thi B la mot dong cau nho cac hé
thirc (8), (9). Hon nita, n6 13 mot dang cau lam cho céc biéu d6 sau giao hoén:

/

By: 0 — Kord ' By P D 0
\id lf \z’d
Bm: 0 — Kerd —° Bp ? D 0

nghia la E_ va E.. 1a twong dang.

Bugc 3: Chieng minh A & toan anh.

Gia str ta c6 mo rong E cua E-hé chinh qui (B, D,d,#) nghia 1a ¢6 ddy khop

o 1B Hgfip. 4y
cung véi dong cau £:B — B'. Khi do, twong tu Nhan xét 3.2 ii) ta c6 day khap
0 — B -2 B' 2 Cokerd — 0

trong 46 ¥ =yp', va 7 = yp’, »: D — Cokerd 1a toan cau chinh tac.

Béy gio, trong B’ ta chon hé dai dién u,, s € Cokerd. H¢ dai dién nay cam sinh ho cac
ham (¢, f,g), nghia la dong ciu ¢: D — M, duoc xac dinh bsi ¢, (b) =ub, by, =bu,, va
cac ham f,g:Cokerd x Cokerd — B théa mén u, +u, = f(s,r)+u,,,, uu =g(sr)+u,.

RG rang

f(O,r)=1f(r,00=0,g(Lr)=9(s)=0. (10)
, Tinh két hop, tinh giao hoan cua phép cong, tinh két hop cua phép nhan, tinh phan
phdi cia phép nhan va phép cong trong B lan luot cho ta cac hé thic (3)-(7).
Khi d6, ta xay dung dugc Ann-ham tir F = (F,F,F): DisD — P bang cach dat
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Fx=p'(u,); F, = fOxry) F, =90xry).
Céc hé thic (3)-(7), (10) ching to rang (F,F,F) la mot Ann-ham tir gitra cac Ann-
pham tru. ‘
Pinh ly 3.10. Ton tai song anh
Hom,, ,,[DisD,P] — H?*(Cokerd, Kerd).
Chirng minh: Néu F = (F,F,F): DisD — P la mot Ann-ham tir cam sinh cap (y,0)
va (G,G,G) 1a Ann-ham tir chinh tic thi Ann-ham tir hop thanh

: (FFF) (G,G,6)
(DisD >P >S; )

la GF =(7,0,9;), V6i GF : (f,g): D?* — Kerd la cip ham lién két véi (GF,GF) . Khi do,
y*k =0(g;). Theo B6 dé 3.5, k =0(f.), véi f. :(Cokerd)* — Kerd.

Gia s g, cb dinh. Bay gio, néu (K,K,K):DisD — P 1a mot Ann-ham tir cam sinh
cap (7,0) thi y*k=0(g,) va k=0(f,). Xét twong ing @ :[(K,K,K)]—[f. — f,].

Truéc hét, ta chang t6 twong @ng trén la mot anh xa. That vay, néu
(K',K',K"):DisD — P ciing la mot Ann-ham tr va o: K —K' 1a mot dong luan thi
(GK',GK") c6 cung kiéu (y,0) va g,. =g, +at, trong d6 g,,0,.lan luot Ia cac cip ham
lien két véi (GK,GK), (GK',GK").

Suyra [f. — f.]=[f. — f.]e H?(Cokerd,Kerd). Hon nita, ® la mot don anh. Cudi
cling, ta ching minh @ 14 toan anh. That vay, gia su f 1a mot 2-ddi chu trinh tly y. Ta co
o(f. —f)=0of —of =of =k. Suy ra y*k=0(g9 —9), vdi g(x,y)=f(yxyy). Khi do,
t6n tai mot Ann-ham tir (K, K,K): DisD — P camsinh cap (7,0)va (GK,GK) lién két voi
ham g- —g. Vay @ latoan anh.

3.5. Phan lép cac mé rong kéo dai cia mé rong vanh

Mdi bo ba (E,F,0) cua bai toan kéo dai mo rong xac dinh mot E-hé chinh qui
(B,IT', Ap, ). E-hé nay xac dinh mot Ann-pham tru chat ché P ma Ann-pham tru thu gon
cuané 1a S, = (I1,, A k), k e H3(IT,, A). Mdi mé rong cua E-hé chinh qui (B,IT',Ap,6) la
mot kéo dai cia ma rong E.

Ky hi¢u Ext,_,.(IT',A) latap céac lép twong dang cac mé rong cua E-hé chinh qui
(B,IT',Ap,0) thitheo Dinh Iy 3.9, taco mot song anh Hom,, , [DisD, P] <> Extg . (IT', A).

Lai theo Dinh Iy 3.10 ta ¢6 song &nh Hom,, ,,[DisD,P] <> H*(TT,, A).

Do d6, ky hiéu Ext(E,F,6) la tap céac 16p twong ding cac mo rong kéo dai caa mo
rong E thi ta thu duoc song anh Ext(E, F,8) <> H?(I1,, A).

4. KET LUAN
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Bai béo di chi ra rang véi méi dit kien (E,F,6) cua bai toan mo rong vanh cho trudc,
ludn ton tai kéo dai cua mé rong E. Hon nita, tap cac 16p twong ding cac mo rong kéo dai 1a
twong tng 1-1 véi nhoém dbi dong diéu chidu 2 cua cac vanh. Két qua nay khdng chi la mot
huéng phaét trién cua bai todn maé rong vanh, ma con 1am phong phd thém cac ung dung cua
ly thuyét Ann-pham tra.
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THE PROLONGATION PROBLEM OF RING EXTENSIONS
Pham Thi Cuc
ABSTRACT

In this paper, we first state the prolongation problem of ring extensions and show that
its data (the triple (E,F,6)) determines a regular E-system. Each extension of this regular

E-system is a prolongation of the extension E. Next, we prove the result on the classification
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of extensions of regular E-systems. Then, we obtain the result on the prolongation problem
of a ring extension.

Keywords: Ann-categories, regular E-systems, prolongation of a ring extension.
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