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TAP HUT LUI CUA HE NAVIER-STOKES NGAU NHIEN VOI
NHIEU NHAN TiNH VA MAT PQ NGAU NHIEN

Pham Chi Congt, Pham Tri Nguyén?
TOM TAT

Trong bai bao nay, ching tdi xét hé phurong trinh Navier-Stokes hai chiéu véi nhiéu
nhan tinh va mdt d5 ngau nhién. Si dung phép @i bién thich hop, ching t6i chuyén hé
ngau nhién thanh hé tat dinh véi cac tham sé ngau nhién, tir @6 ching tdi chizng minh sur
ton tai va duy nhdt tdp hat I0i cia hé.

Tir khod: Tdp ht I0i, Hé Navier-Stokes ngau nhién, nhiéu nhan tinh, mdt dg ngau nhién.
DOI: https://doi.org/10.70117/hdujs.72.03.2025.764
1. MO PAU

Cho ® c R” 1a mién C" bi chan véi bién 90, 7 € R, ¢t > 7. Xét hé phuong trinh
Navier-Stokes ngau nhién véi nhiéu nhan tinh va mat d6 ngau nhién c6 dang:

8w+ aG)(w V) + Vo = S0+ pus O s c o,

1)
V-u=0,ze0,
vé6i didu kién bién
u(z,7) =0, z € 00, (2)
va diéu kién dau
u(z,7) =u_(r), v €O. (3)

Trong d6, u = u(z,t) = (u,u,) 1a ham van toc chua biét ciia dong chit 16ng,
p= p(x,t) 13 ham ap suat, v > 0 la hé s6 nhot ciia chat 1ong, a(@ta)) 1a mat do ngau

nhién, f(z,t) la ham ngoai luc, f € R, W(t) 1a qua trinh Wiener thuc va ky hiéu o chi
tich phan dugc hiéu theo nghia Stratonovich.
Ta thay rang khi S =0 va a(f,w) =1 thi h¢ ta xét ¢ trén tré thanh h¢ phuong trinh

Navier-Stokes khong nén dugc cb dién. Hudng nghién ctru vé sy ton tai nghiém ciing nhu
céc tinh chit ciia nghiém d6i voi cac 16p hé phuong trinh dao ham riéng ngau nhién trong
d6 c6 hé Navier-Stokes ngau nhién 1a mot van dé c6 tinh thoi su va duge nhiéu nha khoa
hoc quan tdm nghién ctru. Chang han, ta c6 thé tham khao cac cong trinh [1], [2], [3], [4],
[5], [8], [9] cung cac cong trinh dugc trich dan trong d6 vé huéng nghién ctru ndi trén. Bai
bao nay tap trung nghién ctru vé su ton tai va tinh duy nhat cta tap hat 10i cua hé Navier-
Stokes hai chiéu v&i nhidu nhan tinh va mat do ngau nhién.
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2. PHUONG PHAP NGHIEN CUU

Bing cach sir dung phép d6i bién thich hop, ta chuyén hé ngiu nhién thanh hé tit
dinh v6i cac tham s6 nglu nhién. Sau d6 ap dung cac cong cu cua giai tich va cac phuong
phap cua ly thuyét hé dong lyc tiéu hao v6 han chiéy, ta chirmg minh sy tdn tai va duy nhét
tap hut Iui cua he.

3. PHAN CHUAN BI

Cho(Q, IF,P) 1a khong gian xac suat, véi Q = C (R,R) = {w € C(R,R) : »(0) = 0},
IF 1a sigma dai s6 Borel, P’ 1a d6 do Wiener trén (QTF), W(t, ) = a(t), {0 :t e R} ladich
chuyén Wiener trén (Q, FF,P) x4c dinh bdi: Qo) = a(t +-) — a(t) .

Xét cac khdng gian Hilbert I(©) = [L*(©), H, (®) = [H,(®)’ véi cc tich vo hudng

2
(u,v) = Zjuivjda: , Vu,v e (@),
=1 @
0

((u,v)) = ZQJJ.—‘—‘dx , Vu,v e H (0),

va cac chuan twong tmg | u = (u,w)"*, Il ull= ((u,u))"*.
bt V={ue[C7(O) :V-u=0} vagoi H labao dong cia V trong L’(©), V
1a bao dong cua V trong H, (®), V' 1a khong gian dbi ngdu cua V', ky hiéu cap dbi
ngau gitta V va V' 1a (-,-).
Dinh nghia toan tir Stokes A: V — V' bdi
(Au,v) = ((u,v)), Yu,v eV, D(A)=H (@) V.
Ta 6 bat dang thirc Poincaré: A, |u <l ull®>, Vu eV, trong d6 A, > 0 1a gié trj
riéng dau tién cia toan tir A
. 2 ov.
Xét dang ba tuyén tinh b(u, v, w) = Z J. u, a—]wjda:, Vu,v,w € V. Dinh nghia toan
4j=1 @ L
tt B:VxV > V' boi (B(u,v),w) =bu,v,w).
Khi d6 h¢ (1) dugc viét lai dudi dang
dWw (t
(1) 4)
dt

Pinh nghia 3.1. Gia st feL] (R.H),7eR, weQ vau €H . Anh xa

% +vAu+a(0o)B(u,u) = f+ Pfuc

u(7,0,u ) : [7,40) > H duogc goi 1a nghiém yéu cua hé (1) néu véi mdi T > 7 thi

u(-,7,0,u_) € C([r,+0); H) N I([7, T} V),

% +vAu+ a(0o)B(u,u) = f+ fuc dI/;/_t(t) trong V''.
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B6 dé 3.2. (xem [6], [7]) Véi C > 0 la mét hang sé, ta cé
(1) b(u, v, w) = —b(u,w,v), Yu,v,w eV,
1 1 1 1
(i) | b(w,v,w) | C | uw PN w2l v ] w P w2, Yu,v,w eV,
1 1 1 1
@iii) | b(u,v,w) [ C | uw Pl w120 v 12| Av | w |, YueV,ve D(A),we H .
Cac bét dang thirc dudi day s& duoc sir dung trong chimg minh két qué chinh ciia bai bao:

C . X 1 1 .
Bat dang thirc Young: V&i moi a,b,& >0 va 1< p,q < +oo thbaman — + — =1, thi
p q
—q/p
ab<far+
p q

b

r 2 2 N d .
Bat dang thuc Gronwall déu: Cho g,h,y va d_i la cac ham kha tich dia phuong trén

(t,40) thoaman U < goyy(t) + ht), Vi1,

t+r t+r t+r
va J‘ g(s)ds < a,, J h(s)ds < a,, j y(s)ds < a,, Vt =t
t t t

0’

véi r,a,a,,a, la cac hang s6 duong. Khi d6

y(t+r) < {a—;’ + a2Je“1, Vt>t,.
Pinh ly 3.3. (Xem [6], [7]) Gia st © 1a mién C"' bi chin. Khi ¢6 H'(®) duoc
nhlng compact trong ().
Goi D ={D(r,w): 7 € R,w € Q} 14 tap hai tham s6 trong H, D dugc goi la ting
cham néu voi moi 7 € R, € Oy > 0 thi
lime™ | D(r —t,0_,0) |= 0,

t—>+0

trong d6 | D |= sup | w | va ky hiéu D 1a tap hgp céc tap con trong H xac dinh boi

ueD
D={D={D(r,0): 7 € RweQ}}.
Ta dua ra cac gia thiét sau cho ham ngoai luc va ham mat d6 ngau nhién:
(Gy) feL (R,H) thoa man
0
[ e 1 £() P dr <40, & € (0,14).
0

lim e” j e | fir+t)[ dr < +00, V1> 0.
t—>—o0

(G2) Him m4t d¢ ngau nhién () : Q — R thoa man ¢t — a(6,w) 1a lién tyc.
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Ta biét rang ton tai tap 0 bat bién Q c Q sao cho P(Q) =1 va v6i mdi w e Q

- t : : LA < s
thi lim @ = 0. Do d6 tir gio tr¢d di ta chi xét khong gian Q thay cho Q va dung chung

t—>to0 t
ky hi¢u la Q.
Ky hiéu C' 13 hing s6 duong nao d6 va né c¢6 thé khac nhau trong mdi lan xuét hién.
Ta dua vao phép doi bién
u(t, T, 0,v) = e 7t T, o, u ), v= eiﬂ“’(”ur. (5)
Tur (4) va (5), ta nhan dugc phuong trinh
d
d_: +vAv+e™a(0w)B(v,v) = e 7 f. (6)
Do (6) la phuong trinh tat dinh véi cac tham s ngau nhién nén bang phuong phap
xap xi Faedo-Galerkin (xem [6], [7]), thi voi mdi 7 e R, w e Q va v_€ H, phuong
trinh (6) c6 duy nhét nghiém yéu v(-,7,@,v ) € C([z,+%); H) N L’([7,+%);V) sao cho
v = e’ﬂ”“)ur. Hon nita, nghiém (¢, 7, o, vr) lién tuc theo v_.
T két qua vé nghiém yéu v & trén, ta dinh nghia ddi chu trinh
Y:R"xRxQx H— H xac dinh bsi

P(t, 7,00 ) = u(t +7,7,0_ou) ="t +1,7,0_ou).

4. KET QUA CHINH

Két qua dudi day dua ra mot s6 ude lugng ddi v6i nghiém v ciia phuong trinh (6).
Bbdé4.1. Vsimoi re RweQt>0vav_, € D(r—t,0 w) thi

—VAt 2 0 r=2po(r+7)
|o(r,7 ~ 1,0 w0 <™ v ] r— [ e® 2 fr+ o) P dr, )
1
VA= r+T 2 At
J‘Ofe AT (e + 7,7~ 1,0 @ 1P dr < Ze o P
-t ’ 14
(8)

4 o _

vAr=2po(r+z) 2
+ — (& f r+7T dr.
VZX,I '[_t ’ ( ) |

Chirng minh. Nhan hai vé ctia phuong trinh (6) véi v(r) = v(r, 7 —t, 0 _ov_,) sau
d6 sir dung B6 dé 3.2 va bét dang thirc Young ta cd

d VA 2
— v P+ 2vlolP=eP(f o) < —L v+ | f(r) [ . (9)
dr 2 VA,
Tir (9) va bat dang thirc Poincaré ta suy ra
d ( VAT 2) |4 VAT 2 2 -2 VAT
—le v )+ =l v P 2 g el r) . 10
(e up)+ . 10 (10

LAy tich phan (10) trén [z —¢,7] ta dwoc
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vr,r—t,0 wv ) +— T grhlrpel) v(r,t —t,0 v )I* dr
te‘r 7t ’ ‘2/ _t T 7—t

< e—vﬂt |1) |2 +ljr e‘/}ﬁ("’—f)_Qﬁ“’("’) |f(7,) |2 dr. (11)
7=t Vﬂ’l Tt
Sau khi bién dbi tich phan, (11) tvong dwong véi
0 r=2po(r+t
|v(r, 7 —4,0_w,v_,) [ +KI L Y Oy R )P ar
T T 2 —t T T (12)

2 0 ar T
<e™ v |2+—J. AT e 1) P

T—t V/Il _t

Tu (12) ta suy ra (7) va (8).

Két qua tiép theo ching minh sy ton tai tip © -hap thu lui trong H ddi v6i dbi chu
trinh W lién két v6i nghiém cua bai toan (1).

Bo dé 4.2. Doi chu trinh ¥ c6 mét tgp D -hdp thu lii K = {K(r,0): 7 € R, € Q}

trong H cho boi

K(r,0)={u e H :|u[< R(r,w)}, (13)
trong do
_2p0 o(r) 2 0 va,r=2 o (r+7) 2
R(r,w)=e 1+—j e | f(r+72)| dr]|.
VA
Chitng minh. Véimdi r e R.we Qva t > 0, tir (5) tacod
_ PO o(r) _ PO o(z-t)

u(r, 7 —1,0_wu_,)=e u(r,r—t,0 _owv_,), u_, =e v_,.

Thay biéu thirc trén vao (7) ta dugc
[u(r,t 4,0 @)= " Jo(nr 1,0 o0 )F

o(r -V - o(r— 2 0 Vir-2p0(r+r 14
SeQﬁQf()emeﬁgfr(t)‘uitf_i_ '[641 2o >|f(7’+T)’2d7’. (14)
i VA T
. o I £ T a1 a)(t) A
Ta danh gia cac sO hang trong vé phai cua (14). Béi lim e =0 nén
t—to0

M—)O khi » — —o . Suy ra ton tai 7, <0 sao cho v6i moi 7 <7 thi
,
~2Ba(r +7) < —(VA —o)r. Tadotaco e 7| fir+ 1) f<e” | f(r+7) F,

didu nay cung véi gia thiét (G;) suy ra IO A2 pelrn) | f(r+7) [ dr <+ vado
d6 R(r,w) < +o0. Matkhacdo v_, € D(r —t,0 ,w) kéotheo u_, € D(r — 1,0 ), nén

: - —B0_ w(z-1) : —vit —pO_o(r-t) —
limsupe e |y P<limsupe™™e """ | D(r - 1,0 ) [= 0,

t—>+o0 t—>+o0

tir 46 suy ra ton tai T = T(z,®, D) > 0 sao cho v6i mei ¢ > T thi

—vAit —po —t
e e u_, [<1.
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Két hop cac danh gia trén cing véi (13) va (14) ta co
Y(t,r 1,0 0 D(r—1t0 0)=urr-t60 oDr-t0 0)c K(r,o).
Goi y 1a sé duong bat ky, ta d& thay
lime™ | K(t —t,0 a))|—hme”R(r—t0 o) [=0. (15)

t—>+0

Viy K €®.
B6 dé 4.3. Voiméi t e Rwe QD e®, ton tai T = T(zr,w,D) > 0 sao cho véi
moi t 2T vau_, € D(r—t,0 o) th

I w(z,7—¢,6 _o,u_,)I’< Celé@). 16)

t
Chitng minh. Nhan hai vé cia phwong trinh (6) v6i Av
o(r) =v(r,r —t,0 _o,v_,) tadugc

%di 1o l1? 4 | Av P= —e*0a(8_o)b(v,v, Av) + e, Av). (17)
T

Tiép theo ta dénh gia cac s6 hang & vé phai cta (17) bang cach sir dung Bo dé 3.2 va
bat dang thirc Young
| " Va(0__w)b(v,v, Av) |< Ce"" | a(0_w)||v [/l vll] Av [?

<L Av P +Ce O _w) | v Pl vl

[\)

e (f, Av) [ e | f(r )IIAv|<—|Av| +Ce | f(r)
Thay céac danh gia trén vao (17) ta suy ra

Ly < C (a0 @) | v Pl v lIP ) wl? +Ce 0 | f(r) . (18)

C"ilirir (18), &p dung bat dang thirc Gronwall déu trén [z - 1,7] ta nhan duge
I o(z,7—¢,60 _wv_)IP<(I, + IQ)eIB, (19)
trong do
I =C :_1 e f(r) [ odr, 1, = I:_l I o(r) I? dr,
1, =C[" ("a'(0_ )| v(r) [I o(r) I*)dr.
Do tinh lién te cia r—e va fel (R,H) nén

I < Cé(a))j;| f(r) [ dr < C&(w). Mit khic, do diéu kién (Gy), (7) va (8) ta ciing c6
I, <C¢(w), I, < C(w).

Két hop cac danh gia trén cung vai (19) ta thu dugc
I o(r,z 4,0 _wv ) I°< C&(w)e™.

10
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Str dung bt ding thirc e’ > ¢, V¢ > 0, tacd
I o(r,z—t,0_wv ) I°< Ce™. (20)
St dung phép ddi bién (5) va (20) ta suy ra (16).
Cubi cung ta dua ra két qua chinh ciia muc nay vé sy ton tai va duy nhit tap D -hit
lui d6i v6i dbi chu trinh ¥ trong H .
Dinh Iy 4.4. Doi chu trinh V' c6 duy nhat mét tgp © -hit lii ngau nhién A trong H
Chitng minh. Theo Bb dé 4.2, d6i chu trinh ¥ c6 mot tap © -hip thu lni K trong
H . Mit khéc, theo B6 48 4.3, véimdi t e Rw e QD e ®, tontai T = T(r,w,D) > 0
sao cho véi moi ¢ = T thi
IJW(t,r—1,6 ,0.D(r —t,6 @) I’< Ce™ < +o0, 21)
t>T
Tu (21), str dung Pinh 1y 3.3 nhing V vao H,tacd W & © -compact tiém cén lui.
Ap dung [9] (Ménh dé 2.10) ta suy ra ¥ c6 duy nhat mot tap © -hat 1ui ngiu nhién A
trong H .

5. KET LUAN

Bai bao da chirng minh dugc sy tdn tai va duy nhét cta tap hut lui ngéu nhién cua hé
Navier-Stokes hai chiéu véi nhidu nhan tinh va mat d6 ngiu nhién, day 1a mot tinh chat
quan trong cua nghiém va nd c¢6 nhiéu ¥ nghia trong viéc nghién ciru cac 16p phuong trinh
dao ham riéng noi chung trong d6 c6 16p hé Navier-Stokes néi riéng. Hon nita, tir két qua
nay ta c6 thé mé rong hudng nghién ciru sang cac van dé lién quan nhu: sé chiéu Fractal
cua tap hut, tinh lién tuc cua tap hut,...
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PULLBACK ATTRACTOR OF STOCHASTIC NAVIER-STOKES
EQUATIONS WITH MULTIPLICATIVE NOISE AND RANDOM DENSITY

Pham Chi Cong, Pham Tri Nguyen
ABSTRACT

In this paper, we consider the two dimensional Navier-Stokes equations with
multiplicative noise and random density. Using appropriate transformation, we transform
the stochastic system into a deterministic system with random parameters, from that we
prove the existence and uniqueness of the pullback attractor of the system.

Keywords: Pullback attractor, Stochastic Navier-Stokes equations, multiplicative
noise, Random density.
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