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TOM TAT

C6 nhiing cdu trac, tir thud ban so khi méi duroc hinh thanh cé thé con cé nhiing dic
trung chira hodn chinh. Vi du téng truc tiép cua hai phan ti cing cau tric dai so khdng
con thuge tinh cua cdu tric dé. NCS-médun 1a mét trong nhiing cdu trac cd hién frong
nay. Trong bai bao nay, ching tdi duwa ra mét cdu tric médun nham khdc phuc hién firong
trén nhung van giir nguyén mét sé thuge tinh ban dau cia NCS-médun, dé 1a NCS-médun
NGi xa. Piéu ddang n6i 1a NCS-médun ngi xa di cho ta mét sy phan logi trén mét sé 16p
moédun Ndi xa. Pdy chinh la 'y nghia khoa hoc cua viéc ing dung NCS-mddun ngi xa trong
phan logi cau tric dai so.

T khéa: NCS-médun, médun con déng, médun con doi déng, médun con khong
doi Ki di, médun néi xa.
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1. PAT VAN BE

Trong sudt bai bao nay R dugc nhic dén nhu 1a mot vanh két hop, ¢6 don vi va moi
modun déu 12 R-modun phai.

Cho A,B 1a cac mddun con ciia M. Ta néi B 1a phan bu caa A trong M hay A c6 mot
phan bu B trong M, d6i khi ta néi A 1a bu dugc, néu hai diéu kién sau xay ra:

A+B=M

NéuB' €S BmaA+ B' = M thi B=B’.

Diéu kién 2) o trén mudn noi ring B 1a médun nho nhat thoa man tinh bu duoc
A+ B = M. Mbdun M 1a bu dugc néu moi modun con ciia M déu bu duoc.

Moédun M duoc goi la bu déy du néu moi cap mdédun con A,Bma A+ B = M thi A
¢6 phan bu trong B. C6 nghia 1a ton tai médun con P cia B nho nhat sao cho A + P = M.

Trong bai béo nay ching ta ki hiéu ModB Ia tap cac R-mddun bu day du.

Moédun con A ctia M duoc goi 1a min néu véi moi modun con thyc sy B cua M thi
A+ B # M, tuong duong lanéucé A+ B = M thi B=M. Khi d6, ki hiéu A €° M.
Moédun M dugc goi 1a min néu né 1a médun con min trong bao noi xa cua né. Ki hiéu S 1a
I6p cac modun min.

Ki hiéu Z(M) =n {Kerf| f:M - §,S € S} =n{U € M| M/U € S}.
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M duogc goi 1a ddi ki di (twong tng khong d6i ki di) néu Z(M)=0, (tuong tng
Z(M)=M) Ching ta biét ring moi modun min 1a d4i ki di.

Modun con A cia M duoc goi 1a dong néu A khéng c6 mé rong cét yéu thuc su
trong M. Nghia lanéu cd A € B € M, B cét yéu trong M thi B=M.

Mbdun con A ciia M dugc goi 1a d6i dong trong M (tham khao[1]) néu A/B la
khéng min trong M /B véi bat ki modun con thyc sy B caa A.

R-modun M dugc goi 13 D;- médun néu véi moi médun con N cua M, tdn tai mot
hang tir truc tiép K cuia M sao cho K € N ma N/K €° M/K. M la D;- mddun néu va chi
néu M € ModB va moi modun con d6i dong ciia M 1 hang tir truc tiép.

MGt s6 khai niém duoc nhic dén trong bai bao nay dugc trinh bay chi tiét trong [3],[5]

Nim 2012 Dejun Wu dua ra ciu trdc NCS-modun véi kha nhiéu tinh chéat phong
phd. Tuy nhién ciu tric nay theo ching toi 1a chua dep vé mat dai sb, diéu nay s& duoc
binh luan & Muc 2.2 va d6 1a 1i do chinh dé ching tdi chon huéng nghién ctiu nay.

2. PHUONG PHAP NGHIEN CUU

Trong phan nay, bén canh viéc gidi thigu cac ket qua nghién cau céc cAu trac co ban,
don gian, phuc vu cho viéc xay dung cau triic méi; ching ta nghlen ctu cau tric NCS-modun
va cac mbi lién quan cua né. Tir d6 xac dinh 13i cau tric dai s6 cua NCS- modun dé xay dung
c4u tric méi hoan chinh hon. Ngoai ra, trong [2] tac gia cling da chi ra ring moi modun con
bu N 1a dbi dong trong M. Va khi d6 moi modun con X ciia N, X min trong M thi X min
trong N. Lop cac modun khong dbi ki di 1a dong ddi voi phép ldy anh dong ciu, téng truc
tiép, mo rong, phi ndi xa va cac moédun con ddi dong. Mddun con khong dbi ki di cia mot
modun 12 modun con ddi dong va mddun con cia médun khong déi i di 1a ddi dong khi va
chi khi n6 1a médun khong ddi ki di. Tuy nhién nhiing nhan xét trén khong dugc tac gia
chang minh mét cach rd rang, chiing ta s& ¢6 cac ching minh can thiét trong phan nay.

Chung ta c6 thé tham khao mot cach chi tiét hon trong cac tai liéu tham khao [1] va
[2]. Néu thdy thuc su can thiét, cac ching minh s& duoc trinh bay.

Trugc hét ching ta 1am quen véi mot s6 noi dung lién quan dén cac tir khoa ddi
dong, bu dugc, khong ddi ki di nhu 13 nhitng vat liéu can thiét dé nghién ctu cau tric
NCS-modun.

Ménh dé 2.1.[1] Cho A, B 1a cac mddun con ciia R-modun M, M=A+B. Khi d6 ta co:

1) B la phan bu cua A trong M néu va chi néu A n B min trong B.

2) B la phan bl cia A thi B 1a modun con d6i dong ciia M.

3) B la phan bui caa A trong M thi véi bat ki médun con C ctia A, ding thac M = C + B
xay ra khi va chi khi A/C min trong M/C.

Nhan xét 2.1. Moi modun don déu 1a khong ddi ki di.

Ching minh: Gia s M 1a mdédun don. Goi U 1a mddun con bat ki caia M sao cho
M/U €° M. DoM la mbédun donnén M/U = 0. Piéudd dan dén U = M, hay Z(M)=M.

Nhan xét 2.2. Téng truc tiép dém duoc cua cac modun con khong ddi ki di 1a médun
con khong dbi ki di.

Chang minh: Nhan xét dugc sang té boi phuong phap qui nap. Ching ta can ching
minh trong trudng hop 6 2 hang tu tryc tiép.

Gia sir M;, M, 1a cac modun con khong ddi ki di cia R-modun M.
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Ta can chang minh M; @ M, 1a mddun con khong dbi ki di.

Goi U 1a modun con bat ki cua T =M, @ M, sao cho T/U <°T.U c6 dang
U=U, @ U,trongddé U; € M;, U, S M,.

Vay thi T/U = (M, @ M;)/(U, @ Uy) = (My/Uy) © (M/Uy).

DoT/U <°Tnén(M,/U) €° M, va(M,/U,) S° M,.

Boi vay, U, € Z(M;) va U, € Z(M,).

Laico n {U;| U; € My, (My/U,) €° M, }=Z(M,)

va N{U,| U, € My, (M/Up) €° My} = Z(My). )

Bén canh do, M;, M, la cac médun con khong doi ki di cua R-médun M nén
Z (M))=M,, Z(M,)=M,. Tr d6 suy ra Z(T) = T.

Nhan xét 2.3. Néu M 1a modun nira don thi M € ModB.

Chimng minh: Truéc hét ching ta chang minh rang:

NéuM,N € ModB,M NN =0thiT =M @ N € ModB.

Goi A 1a médun con batkicuaT. A = A,, @ Ay trong d6 A,, S M, Ay S N.

Do M € ModB, A, S M, ton tai By, S M la phan bu cua A,, trong M.

Do N € ModB,Ay S N, ton tai By S N 1a phan bu cua Ay trong N.

Dit B = B,, @ By. Taco B 1a phan bu cua A trong T.

Gia st D 1a mdédun don. D chi c6 mdédun con tdm thuong. Cac modun con tam
thudng déu c6 phan bu trong D, chiung to D € ModB.

Cubi cung, néu M 12 mddun nira don thi M 13 tong truc tiép cac médun con don, do
d6 M € ModB.

Nhan xét 2.4. M6dun con cua modun bu dugc la moédun bu duoc.

Chttng minh: Gia su N 1a modun con cia médun bu duge M. A 1a modun con cua N.

Do M la bu duoc, tdn tai mdédun con A’ cia M nho nhét thoa mén déng thic
A+A’=M. Pt B =A'NN. Hién nhién A+ B S N.L4y bitkin € N, ton taia € 4, a’ €
A'sao chon = a+ a'. Hay a’ = n — a la phan tir caa N. Diéu d6 chimng toé a’ € N. Suy ra
a' € B.Nhu vady,n = a+a € A+ B.C6 nghiala N = A + B. Tinh nho nhét cua B thoa
mén dang thirc nay duoc suy tir tinh nho nhat cia A’

Nhin xét 2.5. Hang tir truc tiép cuia mot phan tir thuc ModB 1a mot phan tir cia ModB.

Ching minh: Cho M € ModB va N 1a hang tir truc tiép coa M, M = N @ N'. Xét
cip modun con X,Y ciia N ma N=X+Y, ta can chang minh trong Y ton tai médun con
P cyc tiéu thoa man dang thuc X + P = N.

Ta thdy, M= X+Y +N’= X+(Y +N’). Do M € ModB tasuy ra X c6 phan bu trong
Y +N’. Nghia 1a ton tai modun con X’ ctia Y +N’ nho nhat sao cho X+X’=M. Khi d6
P:=Y n X’ thoa man yéu cau dé ra.

Ménh dé 2.2. Céc két qua sau day duoc tong hop tir [2]:

Modun con khong ddi ki di cia moét modun 13 moddun con doi dong.

Mbdun con ctia modun khong di ki di 1a dbi dong khi va chi khi né 14 khong ddi Ki di.

Anh ddng cdu caa mddun khong di Ki di 1a modun khong déi ki di.

Téng truc tiép ciia cac modun khong ddi ki di 1a modun khong ddi ki di.

M& rong cbt yéu cia modun khong ddi ki di 1a modun khong dbi Ki di.

Phii min ciia modun khong ddi ki di 1a modun khong ddi ki di.

Mbdun con d6i dong clia mddun khong ddi ki di 1a médun khong ddi ki di.
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Ménh dé 2.3.[2] Cho M = M; @ M,. M, 1a M,-xa anh néu va chi néu moi médun
con N cia M véi M = N @ M, tdn tai mot mdédun con N’ cia N sao cho M = N' @ M,.

Pinh nghia 2.1.[2] M € ModB duoc goi 1a moét NCS-modun néu moi moédun con
khong ddi ki di 1a hang tir tryc tiép.

Nhan xét 2.6. Téng truc tiép ciia cac NCS-modun khong con 1a mot NCS-modun.

Trong [2] tac gia cho thiy trong trudng hop tong quat, tong truc tiép caa cac NCS-
modun khdng phai 1a NCS-modun. Dt ra cau hoi: vay thi trong diéu kién nao, téng truc tiép
ctia cac NCS-modun 13 NCS-modun. Tra 1oi cau hoi ndy, ching ta c6 cac két qua sau day:

3. KET QUA NGHIEN CUU VA THAO LUAN
3.1. NCS-modun ndi xa

Pinh nghia 3.1. M € ModB dugc goi 123 mot NCS-modun ndi xa néu moi dong cau
tir modun con khong ddi ki di ludn mé rong dugc thanh tu ddng ciu trén M.

M0 ta dinh nghia nay, M 1a NCS-ngi xa néu véi moi dong cau f tir médun con N
khong ddi ki di cua M, ton tai dong cau f : M — M sao cho biéu dd sau la giao hoan:

0 N ! M

rd
M

Vidu 3.1. Tur dinh nghia trén ching ta théy moi NCS-m6dun 1a NCS-modun ndi Xa.

That vay, gia sit A 1a mot modun con khong ddi ki di cia mot NCS-modun M. Khi
d6 ton tai modun con B cua M sao cho A@B = M. Moi dong cau f: A — M luén mé rong
duoc thanh f : M — M nhu sau: véi moi m € M, biéu dién m=a+b trong doa € A, b €
B la duy nhat va f(m): = f(a).

Vi du 3.2. Gid sir p 1a mét s6 nguyén td, Z-mddun Z, 1a médun don chi ¢6 modun
con tdm thuong. Goi U 1a mddun con cua Z, thi Z,,/U min trong Z,,. Tir thuc té ndy, ta
thdy Z, 12 modun khong ddi ki di. Va d& dé nhan biét rang Z, 1a médun NCS-ndi xa.

Vidu 3.3. Xét vanh:

{R R
R =

0 } trong d6 R 1a truong céc sé thuc.

Trong [6], R 1a vanh dém duogc Z—CS phai va CS-ntra don. Trong [4] vanh R 1a
CS- ntra don s€ la vanh Artin trai va phai va do d6 R 1a vanh Noetherian phai. Hon nira, vi

R 1a vanh CS - nira don nén U ®U |3 CS véi moi idéan phai ddu U cua R. Tuy nhién
cling trong [6], bao ndi Xa cua RR la

E(RR){E i}t Rq.

diéu nay suy ra R khong phai la vanh tya noi xa phai. Do d6 R khong phai la vanh
QF. Tuy nhién R la NCS- ngi xa.
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Pinh ly 3.1. Hang tir tryc tiép ciia mot NCS-modun ndi xa 1a mot NCS-modun ndi Xa.

Chang minh: Gia sir M la mot NCS-modun ndi xa va A la motang hang tir truc tiép
cua M.

Xét so dd sau:

Goi N 1a mddun con khong dbi ki di bat ki cia A va f 1a déng céu tir N vao A.
Chlng ta s& chi ra su ton tai cua dong cau f: A — A dé so dd trén 1a giao hoan. Nghia 1a
f = f.1, trong d6 ¢, la phép nhing tir N vao A.

Nhing A vao M bai , va 13 nhu trong so do trén. Do M 1a NCS- noi xa, véi dong
CAU 15 f, tOn tai dong cau @: M — M sao cho i3 f = @ 1,1,

Goi I1, 1a toan ciu chiéu ty nhién tir M 1én hang tir tryc tiép A caa né.

Dit f: A - Asao cho f = II,@1,. Khi @6, f 1, = H,¢pt,t; = I,5f. Do @6 f chinh
la mé rong cua f. Ching to A 1a mot NCS- modun noi Xa.

3.2. NCS-médun ndi xa khic phuc 15i cau tric cia NCS-médun

Nhu d3 nhic dén & Nhan xét 2.6, viéc tim diéu kién dé tong truc tiép cac NCS-
mo&dun la NCS-modun 1a cé y nghia.

Pinh Iy 3.2. Tong tryc tiép cua mot sb dém duoc cac NCS-modun nodi xa 1a mot
NCS-modun ndi xa.

Ching minh: Bang phuong phap qui nap ching ta chi can ching minh dinh 1y ding
trong truong hop n=2.

Gia st M;, M, la cac R-modun NCS-noi xa roi nhau, ta chaing minhM = M, @ M,
cling 1a NCS-modun ndi xa. Modun con A khong d6i ki di bat ki coa M c6 dang A = A, @
A, trong d6 A; S M;, A, S M,. Goi f:A - M la dong cdu bat ki nhu trong so do 1.
Chlng ta can chang minh sy ton tai cia dong cau mé rong f: M — M cua f.

That vay, goi 1, ¢, lan luot 1a cac phép nhing tu nhién tir A, A, t6i A vamy,, my,
lan luot 1a cac phép chiéu ty nhién tir M toi My, M, cho nhu trong so d6 2.

Goi 14, T, lan luot 12 cac phép nhing tu nhién tir 4, A, t6i M;, M, nhu trong so do 3.

Do M, 13 NCS-méodun ndi Xa nén trong so d6 3, ton tai dong cau £, 1a mé rong trén
M, cia dong ciu hop thanh my,, fu, tir A, dén M;.

Ciing boi M, 12 NCS-modun ndi Xa nén trong so d6 4, ton tai dong cau £, 1a ma rong
trén M, cuia dong cau hop thanh m,,, f1, tir 4, dén M,.

27



p-1SSN 3030 - 4628

TAP CHi KHOA HQC TRUONG PAI HOC HONG DPUC - SO 02 (11.2024) o 1SSN 3030 - 4636

4 4
i ‘ [ w
: l 4 4_0 M y 1, M
4941 M,0M, 4, D 4,
Ty I 7
f ! f\l/ T.\!;ﬁl f1 o A f
Vi M ®M,
il o, Ty M,
So do 1 3 i M, ‘
M, M, So db 3 So db 4
So db 2
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(my,my) — (f’1 (mq),f2(m3))

Hé qua 3.1. Tur Vi du 3.2 va Binh ly 3.2, cho p 1a s6 nguyén duong sao cho p =
P1.Dy. .. Py trong d6 p; 12 cac s6 nguyén td. Khi d6 Z -médun Z,, 1a mot NCS-modun néi xa.

Ménh dé 3.4. D;-mddun khong d6i ki di 1a mot NCS- modun noi xa.

Chang minh: Gia sit M 1a mot D;-médun khong ddi ki di. Va N 1a médun con
khong dbi ki di cia M. Do Ménh dé 2.2 ta ¢6 N 1a mdédun con d6i dong ciia M. Vi M la
D;-m6dun nén N 14 hang tir truc tiép ciia M. Diéu d6 chung t6 M 1a NCS-médun va do dé
la NCS-modun noi Xa.

Tir Ménh dé 2.2, ta nhan thay ring trong 16p cac modun khong ddi ki di thi khai
ni¢m NCS-modun va D;-modun 1a tring nhau.

4. KET LUAN

Tir viéc nghién ctu cau tric caa NCS modun, ching toi da dua ra dugc mét cau tric
NCS-médun ndi Xa ma theo chung t6i 1a dep hon véi cac y nghia dai s6 sau;

1, Tong tryc tiép cua cac NCS-modun khong han 1a NCS-médun trong khi NCS-
modun ndi xa khac phuc dugc khiém khuyét vé cau tric nay trong khi né van luu giit mot
sb dac tinh cia NCS-modun.

2, Ching ta di c6 dugc mot phan loai kha rd rang vé cau truc 16p vanh va moédun noi
xa nhu sau: médun ndi Xa =NCS-modun =NCS-mddun nodi xa & do chiéu nguoc lai la
khong xay ra.
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NCS-MODULES AND APPLICATION

Hoang Dinh Hai, Nguyen Thi Ha Nhi, Nguyen Hai Yen, Tran Le Huyen,
Nguyen Thi Huong Giang

ABSTRACT

There are structures, from the very beginning when they were first formed, may still
have incomplete characteristics. For example, the direct sum of two elements of the same
algebraic structure no longer has properties of that structure. NCS-module is one of the
structures with this phenomenon. In this paper, we try to provide a module structure to
overcome the above phenomenon but still retain some of the original properties of NCS-
module, that is, injective-NCS-module. It is worth mentioning that injective-NCS-modules
have given us a classification on several classes of injective modules. This is the scientific
meaning of applying NCS-injective modules in classifying algebraic structures.

Keywords: NCS-module, Closed submodule, Cosingular submodule, NonCosingular
submodule, Injective module.
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