Hong Duc University Journal of Science, E9, p.(125 - 131), 2024

A RANDOM FIXED POINT THEOREM FOR COMPLETELY
RANDOM OPERATORS

Le Thi Oanh!
Received: 07 April 2024/ Accepted: 15 July 2024/ Published: August 2024

Https://doi.org/10.70117/hdujs.E9.2024.640

Abstract: In this paper, we present a random fixed point theorem for completely random
operators satisfying a rational contractivity condition. Examples are also given to
illustrate our results.
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1. Introduction

Fixed point theory is one of the most powerful tools inmathematics. It has many
applications in many branches of mathematics and other sciences. Fixed point methods
have been proven particularly helpful in the study of theories of differential equations,
integral equations, and functional integral equations. They have also been proven
beneficial in optimization theory and a variety of other fields, including biology,
chemistry, economics, engineering, game theory, and physics.

Starting from Brouwer’s fixed point theorem (1910), Banach’s contraction principle
(1922) and Schauder’s fixed point theorem (1930), the fixed point theory has been developed
in many directions. In the mid 1950s, O. Hans and A. Spacek initiated to prove fixed point
theorems for random operators in separable metric spaces (see, [1, 2]). These results are
stochastic generalizations of Banach’s fixed point theorem. In 1966, A. Mukherjee [3]
generalized Schaduer’s fixed point theorem and presented a random fixed point theorem in
atomic probability measure spaces. Specially, in 1976, A. T. Bharucha-Reid published an
interesting survey article on fixed point theorems for random operators [4]. Since then many
authors have generalized existing deterministic and random fixed point theorems to obtain
new random fixed poin theorems (see, e.g., [5, 6, 7, 8, 9] and references therein).

In this paper, following the idea and techniques by D. H. Thang and P. T. Anh in [7, 8],
we prove a fixed point theorem for completely random operators satisfying a new
condition involving a rational expression. We also present two examples to illustrate the
obtained result.

2. Preliminaries

In this section, we recall some definitions and basic results concerning completely
random operators.
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Let X be a metric space and B(X) be the Borel o-algebra of X (the smallest o-
algebra containing all open subsets of X ). Let (©, F) be a measurable space. A mapping
&:Q — X is called F-measurable if

E'B)={weé(w)EB}EF
for all B € B(X). Let (Q, F, IP) be a probability space. If £: Q — X is F-measurable then &
is called a X-valued random variable. We denote by L () the set of all equivalent class of
X-valued random variables. This set is equipped with the topology of convergence in
probability, namely, the basis neighborhoods for this topology are of the form
V(ug, &, @) = {u € LE(Q): P{llu — upll > £} < al.
Note that this topology is metrizable. The metric d on L (Q) that induces this topology
can be given by
lu—-vl

1+lu—v I
Under this metric, L¥(Q) is a complete metric space (see [7]) and a sequence (&) c
L¥(Q) converges to ¢ if and only if (£,) converges to & in probability.
Definition 2.1. [10] Let X, Y be two separable Banach spaces.

(i) A mapping F: Q X X — Y is said to be a random operator if for each fixed x in
X, the mapping w ~ F(w, x) is measurable.

(if) A random operator F: Q0 x X — Y is said to be continuous if for each w in Q
the mapping x = F(w, x) is continuous.
Definition 2.2. [7] Let X, Y be two separable Banach spaces.

(i) A mapping @: LX(Q) — LY (Q)is called a completely random operator.

(ii) The completely random operator & is said to be continuous in probability if
the mapping @:1L3(Q) - LY(Q) is continuous, i.e., for each sequence (u,) in LE(Q)
such that liTIln u, = u in probability, we have lign du,, = du in probability.

d(u,v) =E

(iii) The completely random operator @ is said to be an extension of a random
operator F: Q2 x X — Y if foreach x in X
Px(w) = F(w,x) a.s.,
where for each x in X, x denotes the random variable u in L¥ (Q) givenby u(w ) = x as.
Definition 2.3. Let ®: L¥(Q) — L¥(Q) be a completely random operator. An X-valued
random variable & € L% (Q) is called a fixed point of ® if ®¢ = ¢ as.

3. Main results

From now on, we alway assume that (Q, F, IP) is a complete probability space and
X is a separable Banach space. Our main result is stated as follows.
Theorem 3.1. Let ®: L¥(Q) — L¥(Q) be a continuous in probability completely random
operator and «a, L, € be positive real numbers with £ < 1/a. Assume that for any random
variables u, v € L¥(Q) and forany 0 < t < ¢, we have
lu—vl
1+allu—vl

Pl du — dv ||>t) SIP’( +Llu—dv|> t). (3.1)
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If there exist p > 0 and u, € L¥(Q) such that E[|[du, — u,llP < oo, then @ has a
random fixed point in L (Q).
Proof. Set k(t) =1— at for all t € (0,¢). Then, k is deceasing in (0,¢) and
k(t) € (0,1) forall t € (0,¢). We have
1

k(t)
) g
Thus, for each u, v € L% (Q) and for all s € (0, ¢),t € (0,£/2), one has

LN
()

£
forallt € (0 2)

lu—vl> {uu v >

@)

and, therefore,

Pllu-vi> _lP’(IIu v lI> (3.2)

: )
t
k() Ko
Let u, € LE(Q) be such that E|[du, — ull” < oo. We construct the sequence {u,,}
in L¥(Q) defined by
Upyq = Pu,, n=0,1,2,-
We are going to show that {u,,} is a Cauchy sequence in L¥ (Q). For each n, we have
P(lunsr —unll > 6) = P>IPu, — Pup 4l > 8)
( luyp — up_qll
1+ allu, —up_4ll

+ Lllu, — Pu,_411 > k(t))

I, — upq |l
]P( n n-1 S t)
1+ allu, — w4l

t

Using (3.2), one has

P(llups, —uyll >t) < P(Ilun Up_q1ll >

o)

S ]P) ”un_1 - un_zll >

k(t)k (Ftt))

IA

P (s = ol >

oF)
[k(£)]?
t
<. < ]P’<||u1 — upll > W)
t
where k = k(t). By Chebyshev's inequality, we have
(k™)P  (k")P

t
— P —
kn> < El[Puy — uyll T C P

Py, — uyll > t) < IP’(IICIDu0 upll >
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where C = E||®uy — u,llP.
Fork <x<1,setq =%.Wehaver> 1 and
1 1 1 1 —1forallm >
(-1 (a+$+---+q—m>+q—m— 1forallm=>1
Thus, for all t € (0,1/«) and for all m,n € N, one has
]P)("unﬂn - un" > t) < ]P("un+m - un" > (1 - 1/qm)t)
< ]P)("un+m - un+m—1” > t(q - 1)/qm)
+-t+ ]P)("un+1 - un” > t(q - 1)/CI)

C
= e @M RTTP e P (]

[(q = Dt]?
= L(kn)pqp[(kq)p(m—l) + -+ (kq)P + 1]
[(q = Dt]?
_ O gmpgplz k0"
= o T Gy
Cq?
< k™P
[(q = Dt]P[1 = (gr)P]"
Since
P
lim Ca k™ =0,

n-e [(q — DE]P[1 - (qr)P]
we have rlllrgoP(Ilun+m —ull>t)=0
for all t € (0,4/2). This implies that {u,,} is a Cauchy sequence in LZ(Q). Thus, there
exists ¢ € LE¥(Q) such that p —lim,,_,u, = ¢. It follows from wu,.,; = ®u,, and the
continuity in probability of ® that { = ®{. That is, ¢ is a random fixed point of ®. This
ends the proof.
Remark 3.1. It is worth remarking that a fixed point of operators in theorems presented in
[7,8] is unique while fixed points of operators in our theorem are not necessarily unique.

The following simple example showing that an operator satisfying conditions in
Theorem 3.1 may have many random fixed points.

Example 3.1. Consider the probability space (Q, F, ), where Q = [0,1],F is the
o-algebra of Lebesgue measurable subsets of [0,1] and PP is the Lebesgue mesuare on Q.
Let
X = Rand ®: L¥(Q) — L¥(Q) be defined by ®u(w) = u(w) for all w € [0,1] and for all
u € LE(Q).

Leta=1andL =1.Fort > 0, set
A={w e Q| du(w) — Pv(w) II>t} ={w € Q| u(w) — v(w) II> t}
and

B

ASELORIO!
1T+allu(w)—vw)ll
@) - v(@) |
{‘” € (@) —v(w) |

+ L |l u(w) — dv(w) 1> t}

Hl w(w) — v(w) 1> t}.
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It is evident that A c B for each t > 0. It follows that P(A) < P(B). Hence, the
inequality (3.1) holds. Therefore, all conditions in Theorem 3.1 are satisfied. By Theorem
3.1, ® has a random fixed point in L¥(Q). In fact, each u € £X(Q) is a random fixed
point of ®. It means that & has infinitely many fixed points.

Corrolary 3.1. Let ®: LE¥(Q) - LZ(Q) be a continuous in probability completely
random operator and «, ¢ be positive real numbers with £ < 1/a. Assume that for any
random variables u, v € LX () and for any 0 < t < £, we have

lu—vl
Pl u — v 1> t) su>><1+a”u_v m >t).

If there exist p > 0 and u, € L¥(Q) such that E[|®u, — u,ll’ < oo, then ® has a
unique random fixed point in L3 (Q).

Proof. The existence of a random fixed point ¢ for & follows Theorem 3.1. We
now prove the uniqueness of {. Assume that n is another fixed point of @ such that n #
¢. Them, P(Il { —n 1> t) > 0 for some t > 0. We may assume that t € (0,4¢/2). By
(3.3) and arguing as in the proof of Theorem 3.1, we have for any positive integer n that

P ¢—nlI>t) =Pl P{—>nl>1t)

Ng—nl
—P(1+anz n||>t)

(n( 7>

k(t))

IA

<P (u 1> )
o
where k(t) = 1 — at € (0,1). Letting n — oo in the latter in equality, we get P(l { —n |l

> t) < 0. This is a contradiction. Therefore, ® has a unique random fixed point.
We next present an example to support the latter result.

Example 3.2. We consider the probability space (Q, F,P), where Q = [0,1],F is
the o-algebra of Lebesgue measurable subsets of [0,1] and IP is the Lebesgue mesuare on
Q. LetX = Rand @: L (Q) — LE(Q) be defined by

[UnN

—u(2w) ifOSa)SE

Pu(w) = 1
-uw —1) if§<wS1.

WL DN =

Set
A= {we Q| du(w)— dv(w) lI> t}

- {w € [o, %] Nl Du(w) — dv(w) 1> t}
u {w € E 1] N Du(w) — dv(w) I> t}
_ {w e [o,%] N uw) — v(2w) 1> Zt}

=: A, UA,.
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and

@) = v(@) |
14 u(w) — v(w) |l > t}

_ {w € Q:ll u(w) — v(w) I> %}

B ={w€ﬂ

Foro<t<¥:= % we have i < 2t. Thus,
t
C:={we Qllulw)—v(w) lI> 2t} c {a) €EQllu(w) —v(w) I> m},
and P(C) < P(B). On the other hand, we can easily see that C = 24, and hence P(C) =
2P(A,).
Since é < 3tforall 0 <t < ¥, we have

D:={w € Q: |l u(w) —v(w) I> 3t} c {w € Qllu(w) —v(w) I> 1L—t}
and P(D) < P(B). Moreover,
1
A, = {a) € [O'E] Nuw) —v(Qw) 1> 3t}

and we also see that D = 3A4,. Hence, P(D) = 2IP(4,).
We have

P(4) =P(4,) + P(4,) = %]P(C) + %[P(D) < %]P’(B) + %]P’(B) = P(B).

Therefore, (3.3) holds for ¢ = 1 and £ = 1/2. One can see that u = 0 is the unique
random fixed point of ®.

4. Conclusion

We have proved a new random fixed point for completely random operators and
presented two examples to suport the obtained results. It is interesting to continue
investigating new fixed point results for completely random operators satisfying new
contractive conditions.
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