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Abstract: This research investigates a specific class of non-autonomous functional
hydrodynamical type equations. The focus lies on establishing the existence of a pullback
attractor for this system. Pullback attractors are a mathematical concept used to describe
the long-term behavior of dynamical systems. In this context, the pullback attractor
represents a set that attracts all solutions of the equation as time progresses. By proving
the existence of a pullback attractor, the study demonstrates that solutions to these non-
autonomous hydrodynamical equations eventually converge to a specific set over time,
regardless of their initial conditions. This finding provides valuable insights into the
long-term dynamics of the system, which can be helpful in understanding and predicting
the behavior of fluid flows governed by such equations.

Keywords: Attractor, stochastic hydrodynamical type systems, non-autonomous,
uniform attractor.

1. Introduction

The understanding of the asymptotic behaviour of dynamical systems is one of the
most important problems of modern mathematical physics. One way to treat this problem
for a system having some dissipativity properties is to analyse the existence and structure
of its global attractor, which in the autonomous case, is an invariant compact set which
attracts all the trajectories of the system, uniformly on bounded sets. This set has, in
general, a very complicated geometry which reflects the complexity of the long-time
behaviour of the system (see, for instance, [1, 3, 15, 17], and the references therein).

However, non-autonomous systems are also of great importance and interest as
they appear in many applications to natural sciences. On some occasions, some
phenomena are modelled by nonlinear evolutionary equations which do not take into
account all the relevant information of the real systems. Instead some neglected quantities
can be modelled as an external force which in general becomes time-dependent
(sometimes periodic, quasiperiodic or almost periodic due to seasonal regimes).

The first attempts to extend the notion of global attractor to the non-autonomous
case led to the concept of the so-called uniform attractor (see [4]). It is remarkable that
the conditions ensuring the existence of the uniform attractor parallel those for
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autonomous systems. To this end, non-autonomous systems are lifted in [18] to
autonomous ones by expanding the phase space. Then, the existence of uniform attractors
relies on some compactness property of the solution operator associated to the system.
However, one disadvantage of this uniform attractor is that it needs not be “invariant”
unlike the global attractor for autonomous systems.

At the same time, the theory of pull-back (or cocycle) attractors has been
developed for both the non-autonomous and random dynamical systems (see [4, 5, 7, 9,
11, 13, 16], and has shown to be very useful in the understanding of the dynamics of non-
autonomous dynamical systems. In this case, the concept of pullback (or cocycle or non-
autonomous) attractor provides a time-dependent family of compact sets which attracts
families of sets in a certain universe (e.g. the bounded sets in the phase space) and
satisfying an invariance property, which seems to be a natural set of conditions to be
satisfied for an appropriate extension of the autonomous concept of attractor. Moreover,
this cocycle formulation allows us to handle more general time-dependent terms in the
models, not only the periodic, quasi-periodic or almost periodic ones (see, for instance,
[4, 5] for non-autonomous models containing hereditary characteristics).

In order to prove the existence of the attractor (in both the autonomous and non-
autonomous cases) the simplest, and therefore the strongest, assumption is the
compactness of the solution operator associated with the system, which is usually
available for parabolic systems in bounded domains. However, this kind of compactness
does not hold in general for parabolic equations in unbounded domains and hyperbolic
equations on either bounded or unbounded domains. Instead, we often have some kind of
asymptotic compactness.

In this situation, there are several approaches to prove the existence of the global
(or non-autonomous) attractor. Roughly speaking, the first one ensures the existence of
the global (resp. non-autonomous) attractor whenever a compact attracting set (resp. a
family of compact attracting sets) exists. The second method consists in decomposing the
solution operator (resp. the cocycle or two-parameter semigroup) into two parts: a
compact part and another one which decays to zero as time goes to infinity. However, as
it is not always easy to find this decomposition, one can use a third approach which is
based on the use of the energy equations which are in direct connection with the concept
of asymptotic compactness. This third method has been used by Lukaszewicz and
Sadowski in [11, 12] (and later also in [13]) to extend to the non-autonomous situation
the corresponding one in the autonomous framework (see [10]), but related to uniform
asymptotic compactness. Our aim in this paper is to consider the case without uniformity
properties and show how the pullback theory works in this situation.

The content of this paper is as follows. In Section 2 we introduce the concept of
asymptotically compact non-autonomous dynamical systems. The abstract model will be
also stated in this Section. In the last section, we apply theory in Section 2 to prove the
existence of a pullback attractor for a abstract model in an unbounded domain in which
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the external force needs not be bounded. This model not only apply for 2D Navier-Stokes
equation but also covers a class of other important equations in fluid mechanic such as
2D magnetohydrodynamic equations, the 2D Bénard magnetic problem, the 3D Leray a-
model is quite similar to the Lagrangian averaged Navier-Stokes a-model of turbulence
and also shell models of turbulence.

2. Preliminaries

2.1. Pullback attractors

We begin this section by recalling the notion of a pullback attractor. For more
details see Lukaszewicz [8] or Carvalho et al. [4]. Let us consider a process U on a metric

space X, ie. a family {U(t,7):t,7,t=7} of continuous mappings U (t,7): X — X,
such that U (t,7)x=x, and U(t,z)=U(t,r)U(r,z) for all z<r<t. Let D be a

nonempty family of parameterized sets D = {D(t):t € IR%} < p(X), where p(X)
denotes the famiy of all nonempty subsets of X .
Definition 2.1. A process U () is said to be pullback D-asymptotically compact

if for any teR DeD, any sequence 7, ——o, any sequence X, €D(z,), the
sequence {U (t,rn)xn} is relatively compact in X.
Definition 2.2. A family B e D s pullback D-absorbing for the process U () if

for any te Rand any D e D, there exists 7, (t, D)St such that U (t,7)D(7) = B(t)
for r <, (t, D).

Definition 2.3. A family CD:{A(t):t eR}cp(X) is said to be a pullback D-
attractor for the process U (-,-) if

1. A(t) is compact for all te R,

2. @ is pullback D-attracting, i.e. lim dist(U (t,7)D(7), A(t))=0forall De D

T—>—0

andall teR,
3. @ isinvariant, i.e. U (t,7) A(z)=A(t) forall o<z <t <+.
The following theorem can be found in [6].
Theorem 2.4. Suppose that a process U ( ) is pullback D-asymptotically compact and

that B € D is a family of pullback D-absorbing sets for U ( ) . Then, the family defined by
®={A(t):teR} < p(X )with A(t) =Q(D,t) t € R, where for each D e D
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s<t| z<s

Q(D,t)zﬂ[UU(t,r)D(z-)J
is a pullback D-attractor for U(-,-)Which satisfies in addition that for telR,

A(t):UQ(D,t). Furthermore, @ is minimal in the sense that if

DeD

w={C(t):teR}cp(X) is a family of closed sets such that
lim dist(U (t,7)B(z),C(t))=0, then A(t)=C(t).

T——0

2.2. Description of the Model

Let (H, V) denote a separable Hilbert space, A be an (unbounded) self-adjoint
1 1

positive linear operator on H. Set V = Dom [Azj. For veV set |v|=|A2v|. Let V'

denote the dual of V (with respect to the inner product () of H). Thus we have the
Gelfand triple V. H <V, Let (u,v)denote the duality between ueV and veV ' such

that (u,v)=(u,v) for ueV,veV"', and letB:V xV —V"' be a continuous mapping

(satisfying the condition C given below). The goal of this paper is to study the following
abstract model in H:

ou(t)+Au(t)+B(u(t),u(t))+Ru(t)= f (t), where R s a linear bounded operator in H.

We assume that the mapping B:V xV —V ' satisfies the following antisymmetry
and bound conditions:

(Cl): B:V xV —V' is a bilinear continuous mapping.
(C,): For u; eV,i=1,2,3, we have
(B(uy,u,),uy)=—(B(u,,u,),u,) (2.1)
(C3) There exists a Banach (interpolation) space H possessing the properties
i) VcHcH

i) there exists a constant a,such that

a, [Vl <2 M| 22)
iii) for every 7 >0 there exists C, >0 such that
(B(u,u, ), u)| < 72flus]” +C, lufl, Jusf, (2.3)
Remark 2.5. The relation in (2.1) and (2.3) obviously implies that
(B (). ua)] < € Juoll,, for u €V,i =13, 2.4
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3. Pullback attractors for non-autonomous 2D hydrodynamical type systems on
some unbounded domain

3.1. Cocycle associated with hydrodynamical type systems

In this section, we construct a 6-cocyclegfor the non-autonomous 2D

hydrodynamical type systems defined on some unbounded domain O. In this section, we
derive uniform estimates of solutions of problem (3.1) defined on 2 when t — +o0 . We

start with the estimates in H. First we assume that u,eH, f Lfoc(]R,V'). For each
7 € R, we consider the problem:
uel’(r,T;V)NL* (7, T;H) for all T >, (3.1)

%(u(t), v) + (Au(t), v) +(B(u(t),u(t)),v(t))+ (Ru); v) =(ft).v(t)) for allveV,

u(z)=u..

T

As in the case of bounded domains (see, e.g., [2]), it can be proved that if
f e, (R,V ')and (2.1)-(2.4) hold true, then problem (3.1) is well-posed in H, that is,

for every reRand u, e H, there exists a unique solution that moreover belongs to
CO([z';+oo); H ) To construct a cocycle ¢ for problem (3.1), we denote by Q =R, and

define a shift operator 6, on Q for every zeRby 6 (7)=t+z. We define the

evolutionary process associated to (3.1) as follows. Let us consider the unique solution
u(-,7,uy) of problem (3.1). We set

U(t,7)u, =u(t,z,u,), <tu,eH. (3.2)
From the uniqueness of solution to problem (3.1), one immediately obtains that
U(t,r)uO:U(t,l’)U (r,r)uo, T<r<t,u,eH. (3.3)

Also, it is a standard task to prove that for all z<R,t>0 the mapping
U (t,7): H — H defined by (3.2) satisfies
} (3.4)

for any 7 <t,u,,u, €H: Thus, for all z < ¢ the mapping U(¢; 7) is globally
Lipschitz on bounded subsets of H, and in particular is a continuous mapping on H.
Consequently, the family {U (t,r),tZr} defined by (3.2) is a process U(.,.) in H.
Moreover, it can be proved that U is weakly continuous, and more exactly the following

result holds true. As the proof is identical to that of Lemma 8.1 in [13] but for our
particular given by (3.4), we omit it.

e O P )[|uo| I
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Proposition 3.1. Suppose that {ug} < H is a sequence converging weakly in H to
an element u, € H . Then
U t—z)u,, >U(; t—7)u, weakly inH for all>0; teR,
U(,7)uy, =>U(t; t—7)u, weakly inL*(z,T;V) for all 7 <T .
Let R, be the set of all functions r : R — (0;-0) such that
tll[rleo‘rz (t)=0

and denote by D, the class of all families D, ={D(t),t e R} = p(H) such that

D(t)c B(O, rD(t)) for some D, where B(O, r ) denotes the closed ball in H centered

(t)

at zero with radius r_ ..
D(t)

3.2. Existence of pullback attractors

t
Theorem 3.2. Under the condition f e L% (R,V') and I | f(s)[; ds <+ooforall te R,

then there exists a unique global pullback D_-attractor belonging to D_ for the process
U (-,-) given by (3.3).
Proof. Let t e[R,t >0 and u € H be fixed, and denote
u(r)=u(rt—ruy)=g(r-t+z;u,) forr>t-r. (3.5)
Taking into account that (B(u; u); u) = 0, it follows that
u (r)‘2 +2e™ u(r)H2 +2e" (Ru(r),u(r))=1e"|u (r)‘2 +2e™ (£(r), u(r)
Because of the properties of scalar products and (3.6), we have that
u (r)|2 +2e”" u(r)||2 < 2e”"|R||u (r)|2 + e’ |u (r)|2 +2e" (f(r), u(r))

u (r)”2 +2e™ || f(r)-

(3.6)
)

d
P

d o
—e
dr

< (2[R +2)" fu(r) +e”

Thus,
d

el 4
dr
This implies that

u(r)H2 <e”

u(r)‘erue*r f(r)Hj,where v=A-2||R| —o>0.

t 3.7
e |u(®)f <eu(0)f + [ e*[f(s)ds G0
t-r
Let D € D, be given. From (3.7), we easily obtain that
(3.8)

t
ot As
) +€ I e

—00

o(et-e) <o (o) s

(t
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forall uyeD(t—7),teR,z>0. Now, denote by R_(t)the nonnegative number
given foreach te R by

t 3.9
R, =e” I e”| f (s)|/ ds ¢9

and consider the family B, of closed balls in H defined by
B, ={veH:|v[<R, ()} (3.10)

F 2
It is straightforward to check that B- € D, and moreover, by I Hf (S)H* ds < +o0

—00

and (3.8), the family B, is pullback D_-absorbing for the cocycle ¢. Thus, to finish the

proof of the theorem we only have to prove that ¢ is pullback D_-asymptotically
compact. Let us fix B,eD,; teR, a sequence 7, >+, and a sequence
Ug, € D(t —rn). We must prove that from the sequence ¢(rn,t—rn,u0'n) we can extract

a subsequence that converges in H. As the family B is pullback D_ -absorbing, for each

integer & >0 there exists a z_ (k) > Osuch that

¢(2',t—r—k, D(t—r—k))c B, (t—k)forall 27 (k). (3.11)
Observe now that for z >z _(k)-+k it follows from (3.11) that
¢(T—k,t—r,D(t—z'))C B, (t—k) (3.12)

It is not difficult to conclude from (3.12), by a diagonal procedure, the existence of a
subsequence {7, U, } < {,,U,,},andasequence w, e H,k >0, such that for all ¥ >0 and

w, €B, (t-k), ¢(Tn‘ —kKt-7 U n;)—>Wk weakly in H (3.13)
Observe that, by Proposition 3.1, we have
w, = weak — lim ¢(rn,,t—rn, u )

>0 ' o (3.14)
= weak — lim ¢(k,t—k,(weak—¢(rn, —kt-7_,u )))
=¢(k,t—k,(weak _¢(Tn‘ =7 U )))

This means
¢(k,t—k,w, )=w,forall k>0. (3.15)

Then, by the lower semi-continuity of the norm,
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liminf ¢(z‘n‘ t-7 ,u ) > w, (3.16)
If we now prove that also
limsup ¢(rn‘,t—rn,, uOH,) <w,, (3.17)
then we will have
Ivim ¢(Tnv,t—z'nv, u, nv):w0 (3.18)

and this, together with the weak convergence, will imply the strong convergence in H of
¢(Tn‘ A=z U, ) In order to prove (3.18), we consider the Hilbert norm in V given by

o (3.19)
=1l ~{IR1+
which is equivalent to the norm u in V.
Then, it is immediate that forall te R,7>0 and all u, e H,
2 , (3.20)
‘¢(t,t—r, u, )‘ =e 7 |u[ +2 [ e (f(s),p(s—t+7,t-7,up))ds
t-7
t
—2_[ e [p(s—t+z,t—7,uy)]ds.
t-7
Thus, forallk>0andall z >k,
g 2 (3.21)

=€

2 _ ‘¢(k,t_k7¢(rn' ,t—rn,, Uy o ))

+2J. e5t<f (s),¢(s—t+k,t—k,¢(rn‘,t—rn‘, Ug o ))>ds

¢(Tn, -k t-7 , Ug )

‘qﬁ(rn, =7 Uy )

t s—t 2
2t£e Ms trkt=k,g(r, t-7, Uy ))} ds.
By (3.12), we get
¢(Tn, —k,t-7, uoyn,)e B, (t—k) forall z_ ZTD(k)+k’k >0 (322
Thus,
Iimsup(e“’k

n'—oo

¢(Tn, -kt-7_, Uy o )D <e™ R? (t —k),k >0. (3.23)

On the other hand, as ¢(rn, -kt-z ,u ) — w, weakly in H, by Proposition
3.1, we have

¢(-—t+k,t—k,¢(rnl,t—rn‘, u ))—>¢(-—t+k,t—k,wk) (3:24)

o,n
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weakly in  L*(t-k,T;V). Taking into account that in particular
e’ f (s)eL(t—k,T;V"), we obtain

lim je“(es“f (3)'¢(S—t+k,t—k,wk)>ds=2j et (f(s),p(s—t+r,t-7,Up))ds (3.25)

t-r

t 2
Moreover, as (I et [v(s)]2 dsj defines a norm in L%(t — k, t; V), which is

t-r

equivalent to the usual one, we also obtain from (3.24)

t t 3.26
[ e [#(s-t+r,t-7,u;)]ds <liminf [ e [¢(s—t+k,t—k,¢(rn, —kt-7 ,u ))}ds (829
t-r e t-r Y
By combining (3.21), (3.23), (3.25) and (3.26), we can find that
(3.27)
t
Iimsup(e“’k ¢(Tn‘ —kt-7 U, )‘)Se“’ka, (t—k)+2j e (f(s).p(s-t+k,t—k,w,))ds
n—® t-7
t
—ZI e[ g(s—t+k,t—k,w,)]ds.
t-r
Now, from (3.15) and (3.24), we have that
(3.28)

|w0|2 :‘¢(s—t+k,t—k, W, )r —eg |wk|2 +2j e"5<f (s),¢(s—t+k,t—k,wk, )>ds
t

=T

—2j st [¢(s—t+ k,t—k,w, )T ds.
t—r

From (3.27) and (3.28), we have
Iimsup(‘gﬁ(rn, —-kt—7 ,u )‘) <e*R?(t—k) +|Wo|2 _pok |Wk|2

n'—ow
<e RZ(t- k)+|w0|2 ,
and thus, taking into account that

f(s)[ds—0

t-k
e R2(t—k)=2e" j e
as k — +o0. Thus, we easily obtain (3.21) from the last inequality.

4. Conclusion

This paper has investigated the existence and properties of pullback attractors for a
class of non-autonomous functional hydrodynamical type equations. By employing Ball’s
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energy equations, we have established the existence of a unique pullback attractor under
suitable conditions on the nonlinear terms and external forces. The results obtained
extend the current understanding of the long-time behavior of such complex systems.
Further research could explore the structure and dimension of the attractor, as well as its
sensitivity to variations in the system parameters.
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