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THIET KE PIEU KHIEN H_CHO LOP HE
PHUONG TRINH VI PHAN PHI TUYEN

Lé Huy Viit
TOM TAT

Bai bao nay nghién ciru van dé on dinh mii va thiét ké diéu khién H_ cho I6p hé
phirong trinh vi phan phi tuyén. Pau tién, bang cach chon ham Lyapunov mgt céch hop Iy
ket hop voi cac kj thuat dd::zh gia phu hop, mét dieu kién duroc dira ra d,wo’i dang~bdt dang
thizc ma trgn tuyeén tinh nham dam bao hé dong cua hé vi phan phi tuyen c6 nhieu la g —
on dinh mii véi hiéu sudt H,, mic-y . Dong thoi mét diéu khién phan hei trang thai 1a
duoc thiét ké. Trong truong hop hé Ia tuyen tinh ta thu dirgc Mgt hé qua firong dmg. Sau
cung, chang téi diwra ra mét so vi du minh hog cho cac ket dat duroc.

Tir khoa: On dinh mii, diéu khién H_, hé phi tuyén, ham Lyapunov.
DOI: https://doi.org/10.70117/hdujs.72.03.2025.612

1. PAT VAN BE

Hé phuong trinh vi phan ding dé mé ta dong luc caa nhiéu hién tuong, qua trinh
thuc té khac nhau nhu trong vat ly, hoé hoc, sinh hoc, kinh té, hang khong vii tru va ly
thuyét diéu khién. Bai toan nghién ctu tinh 6n dinh cua cac 16p hé vi phan 1a mot bai toan
quan trong va co y nghia rat 16n, vi vay n6 thu hit duoc dong dao cac nha nghién ciu
trong nhimg nim gan day [1,2,3,4]. Trong cac phuong phap nghién ctu tinh 6n dinh cua
cac 1op hé phuong trinh vi phan thi phuong phap ham Lyapunov la mot phuong phap vira
don gian vua hiéu qua, phuong phap nay duoc nha todn hoc nguoi Nga A.M. Lyapunov
dua ra 1an dau tién vao nam 1892 trong noi dung luén an tién si caa minh. Ké tir o dén
nay, phuong phép ham Lyapunov van khong bi 16i thoi ma né con dang dugc cac nha
nghién cau ly thuyet 6n dinh sir dung, mo rong va phat trién mot cach manh mé [4,5,6].
Bén canh bai toan 6n dinh, bai toan diéu khién hé thdng ciing 1a mot bai toén quan trong co
nhiéu ang dung thuc t&. Muc tiéu cia bai toan diéu khién Ia tim mot tin higu diéu khién
thich hop sao cho hé thong hoat dong theo cach mong muén. Diéu khién hé thong ngay
cang tré nén phé bién va duogc ung dung rong rdi trong nhiéu linh vuc caa doi séng cong
nghé hién dai nhu diéu khién robot, diéu khién cac fly cam va may bay khong nguoi 14,
diéu khién & to ty dong, va cac hé thdng tu dong hoa. Vi vdy, bai toan diéu khién cac hé
thdng 1a mot dé tai nong hoi dang nhan duoc sy quan tdm cua nhidu nha toan hoc va nha
nghién ciru ki thuat trén toan thé gidi. Pa co nhiéu két qua nghién cau quan trong trong
linh vuc nay trong nhitng nam gan day dugc cong b [7,8,9,10,11]. Mot van dé dit ra
trong diéu khién khi hé théng cd nhidu do 13, thiét ké mot kiéu tin hiéu diéu khién sao cho
hé thong dudi tac dong caa nhiéu ngoai canh 1a 6n dinh véi mot hiéu suat cho trude, d6 goi
1a bai toan diéu khién H,,. So véi bai toan didu khién thong thuong, bai toan diéu khién
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H., c6 nhiéu ¥ nghia thyuc té hon boi vi hau hét cac hé thdng dong luc trong thyuc té déu co
nhiéu ngoai canh va né khong nhiing yéu cau hé thdng 6n dinh ma phai 6n dinh véi mot
hiéu suit nhat dinh (theo mong mudn cua ngudi didu khién). Do dé, bai toan diéu khién
H,, nhan dugc Sy quan tdm dic biét cua nhidu nha nghién cau ly thuyét diéu khién
[12,13,14]. Tuy nhién, c6 rat it két qua nghién ciru cho véan dé thiét ké diéu khién H,, cho
I6p hé vi phan phi tuyén. Day 1a 1i do dé tac gia thuc hién nghién ciu nay.

Trong nghién cttu nay, ching toi str dung phuong phap ham Lyapunov hay con goi la
phwong phap thtr hai Lyapunov, két hop véi céc ky thuat danh gia cac bat dang thirc ma tran
dé thiét 1ap mot didu kién di dam bao hé dong 1a 6n dinh mil véi mot hiéu suat cho trudc.

2. CAC KET QUA CHINH

2.1. Thiét ké diéu khiénH,,

Xét mot 16p hé thong diéu khién phi tuyén duoc mé ta boi phuong trinh vi phan sau day:

X(t) = AX(t) + Byu(t) + Byyw(t) + f (t,x(t),u(t), w(t))
y(t) = Cyx(t) + Dyu(t) +h(t, x(t),u(t)) (1)
X(0) = Xp.

Trong do x(t) e R",u(t) e R™,y(t) e R™ tuong ung la cac vécto trang thai, vécto
diéu khién dau vao va vécto do do dau ra ctia hé théng. Hamw(r) e L, ([0,c0], R™ ) 1a déu
vao nhiéu ngoai canh. Cac ma tran thuc A, B,, B,,, C,, D, la cac ma tran thuc cho truéc
va c6 so chiéu thich hop. Trong bai bdo ndy, cac ham f(t,x(t),u(t),w(t)) va
h(t,x(t),u(t)) 1a phi tuyén va thoa man diéu kién sau:

| £ (£ x@),uct),w(t))|< myIx@)] +my Ju)] +my [Jw))| (2)

In(t x@.uO) < du[x)]*+du Jucolf 3)

& day my, m,, m,, d, va d, 1a cac s6 duong.

Trong bai béo nay, chiing ta s& thiét ké mot dieu khien phan hoi trang théi sao cho h¢
dong cua hé (1) la f —o6n dinh mi vai mot hiéu suat H,, cho trudc. Cu thé, diéu khién phan
hoi thiét ké cho hé (1) s& ¢ dang sau:

u(t) = Kx(t) (4)
trong d6 K 12 ma tran diéu khién nguoc ma ta can tim. Vi diéu khién phan héi cd dang
(4) thi hé dong cua (1) sé la:
X(t) = (A + By K)x(t) + Byw(t) +  (t,x(t), Kx(t),w(t))

y(t) = (Cy + DyK)x(t) + h(t,x(t), Kx(t)) (5)
X(0) = Xp.

Trudce khi di vao dinh Iy chinh, ta giéi thiéu cac dinh nghia va mot s6 bo déu sau day.
Pinh nghia 2.1.[15] Cho truéc s6 duong 3. Hé dong (5) duoc goi la B —on dinh

mi néu tn tai s6 Y'>0 sao cho [|x(t,xo)| < Y|xo[e ™, vt >0.
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Pinh nghia 2.2. Cho truéc céc s6 duong B va . Hé dong (5) dugc goi 1a S —on
dinh mil véi mot hiéu suat H_, muc- y néu thoa mian hai diéu kién sau: Khi khong co
nhiéu, h¢ dong (5) 1a B —o6n dinh mil. Khi dau vao nhiéu khac khong (w(t) = 0), ton tai
mot hang s6 duong p sao cho véi diéu kién ban dau x(0) = X, dau ra y(t) thoa méan

Iyw) = [ (v ©y© 7w O Jdt < o],

Nhat xét 2.3. Néu diéu kién ban dau bang khéng, khi dé diéu kién 2) trong dinh
nghia trén tro thanh

of T 2. T
Iyw) = [ (v Oy -7 W ©w(o))dt <0,
Do dé, khdi niém B —oén dinh mii véi mét hiéu suat H_, mic-y trong bai bao nay
la tong qudt hon trong mét 6 két qud trude day [16].
B6 dé 2.4.[16] Cho cac ma trdn P, Q cd sé chiéu thich hop Q 1a ma trdn doi xing
xac dinh dwong. Khi do
2x"Py <y"Qy+x P'Q'Px
Vol moi véc to (X, y) .
Bé dé 2.5. (B4 dé phan bu Shur [16]) Cho cac ma trdn bat ki X,Y,Z ¢6 s¢ chiéu thich
hop, X = XU, Y =Y" >0 khi dé
X Z7
<0 & X+Z'Y'zZ<0.
Z =Y
B6 dé& 2.6. [16] Cho cac ma tran thuc bat ki W,,W, va ma tran Q > 0 c6 sé chiéu thich
hop. Khi d6 ta c6 bat dang thirc sau:
WIW, +W,'W, <W,QW," +W, Q ~Ww,.
Két qua chinh caa bai bao nam & dinh ly sau
Pinh ly 2.7. Cho cac s6 0< <1, y >0. Hé dong (5) 14 f—06n dinh mii H_ véi
mot hiéu suit muc j/néu tdn tai ma tran ddi xung xac dinh duong P c6 sb chiéu thich hop

sao cho bat dang thirc ma tran tuyén tinh sau duoc thoa man

Q, B, P PC] B,D]
= | 2-L 0 0 0
(7 9 j

7

* « 1 0 <0 7
3d, +m,
* * * _£| 0
2

> * * * —4(m+1)1 |

voi m =max{m,,m,, m,} va
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om; 3d, —4m-3
Q, =AP+PA +28P+| m +m?+—% || +—1 B,B,
11 Ax Ax ﬁ ( X u i ] 4(m+1)2 u-—u
l T T T
- P - D/ C,P.
sma o PeBe Ty BB G
Sz . 1
Khi dé, ma tran dieu khién nguoc duoc xac dinh la K =— 2miD P va nghiém
m+
b A s S o ﬂm,n(P St \
cua hé dong (5) thod man danh gia mi ||X(t)|| NG ||x0||e , Vt 20,0 day A, (P)va

(P) twong img 1a cac phan thuc lon nhat (nho nhat) cua Cac gia tri riéng cua ma trgn P.
Chizng minh. Xét mot ham c6 dang sau day
L(t, (1)) =V (&, x(©) +y' @ y(©) - 7w (O)w(t), (8)
vai V (t, x(t)) = x" (1) P~'x(t) . Khi d6, doc theo quy dao nghiém cua hé (5), ta c6
L(t, x(0) = 2x" (OP%(@®) +y" @y () — "W (Ow(t) +28x" (P X(t) =28V (x(1)) 9)
=2x" ()P [ (A +B,K)x(t) +B,w(t) + f () ]+ 28X ()P x(t) — 28V (X(t))
+[(C, + D,K)x(t)+ h(.)]T [(C, +D,K)x(t)+h() ] »*W" (t)w(t),
o day
1

f(=f* (t, x(t),— 2(m+D)
Pat £(t) = P'x(t), tir (9) suy ra

mln

1
2(m+1)

BUTP‘lx(t),W(t)j, h() = h(t, x(t), — BJP‘lx(t)j.

1 (10)

2(m+1)
— W (Ow(r) + 287 (1) f (t, PS(t), -

L(tx(0) +2V (., x(1) = 2¢7 (1) [&P - B,B; Jf(t) +2&7 (1)B,w(t) +25¢ ()PE(Y)

L o
2y B0 w(t)]

B f(t)jcxpé(t)

Loh (t, PE(t).— 2(m1+1)

2
_2(m+1)h (t’Pg(t)’_

1 T T
2m+1) B, §(t)j D,B, &(t)

. 1 o) 1 o
+é (t)(CXP—Z(mH) DUBUJ [CXP—Z(WD DuBujf(t)

+h' (t, PS().- Bqu(t)jh[t, P&(t).- BuTé(t)]-

1 1
2(m+1) 2(m+1)

Ap dung B dé 2.4, két hop véi cac diéu Kién (2) va 93), ta co cac danh gia sau

: (11)

1 <d, [|Pe@)|+ i ) (t)||

2(m+1)

B, f(t)j

Hh[t, P&(t), -
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12
ng(t)f(t,Pé(t),— 2 )BTf(t) w(t>j<2||§ ®|| f (t PEO 5 )BTaf(t) (t)‘ (2
s2||§T(t)||( JPEOI+ 50 :(t)||+mwl|w(t>||j
2 m,, 2 T 2.7 2
m, [PE)| +[ \ p ]né(t)n + 4( plB ) + 5wl
. 1 o1 1 .7 (13)
2h (t, P&, B, §<t)]cxw;<t)sz h[t, PE(t), - 55 g(t) lc. P&
(m+1) (
<[C P +d PO + 5Bl
—2n"[ 1, PE(), ~———— Bl &(Y) D,Bl (1) (4
CTY 2(m+) 2( +1)
T 1 T T
<2|h (t,Pf(t),—z(m B, £(t) HH—D .B!
<d PO + d e MO v YO
Két hop cac phuong trinh (10) (14), ta duoc
o N 0 o
L(t,x<t))+2ﬂV(t,x(t»s[w(t)} . _( . %)' [W(t)]
trong 46 QO =0, +(3d, +m,)P?+2PC;C P+ ! B DD,BT

4( 1)2 u u u-—u-"
Theo bd dé phan bu Shur, diéu kién (6) thoa man khi va chi khi

C e

Do d6, tir phuong trinh (15), suy ra L(t, X(t)) +24V (t, X(t)) <0, két hop diéu nay voi
(8), ta c6 danh gia sau day
V(L x(1)) + 28V (6, x(0) < 7°W (OW(t) —y" (1) (). (16)
Néu w(t) =0, tir (16) ta c6 V (t, x(t)) + 28V (t, x(t)) < —y" (t)y(t) <0. Lay tich phan
hai vé tir 0 dén t, ta duoc

V (t,x(t)) <V (0, x(O))e’m Vvt >0. (17)
Mt khéc, ta thay rang V (t, x(t) xO|” va v (0, x(0)) < T
(0x0) = O] vy (0.x0) = 1Ll
do6 suy ra
o (P) (18)
o] [ e, w0,

Ainax (P)
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Diéu nay chimg to hé dong (5) 1a B —6n dinh mii. Bay gio, néu nhidu w(t) =0, tir
(16) ta co

y' (@) y(t) — 72w ()w(t) < 28" ()P X(t) =V (t, X(t)) < -V (t, X(t)). (19)

Do d6, véi moi s> 0, ta ¢6 danh gia sau

7 (7 @Y~ W) dt <V (0,x(0) -V (1 X(1) <V (0,x(0) <~ 20)

Cho s tién ra vo cung, ta thu duoc
I.w) = [ (Y Oy - W Ow))dt < < —— (P) —— %[

Hé dong (5)1a B —on dinh mii H_, v6i mat higu sudt mic y . Binh 1y dugc chig minh.
Nhan xét 2.8. Xét truong hop cac ham f(.)=0 va h(.)=0. Khi dé, hé dong (5) tré thanh
hé vi phén tuyen tinh sau

(21)

X(t) = (A +ByK)x(t) + B,w(t) (22)
y(t) = (Cy + DyK)x(t)
X(0) = Xg.
Trén co s6 Dinh ly 1, chQng ta co hé qua sau 7
Hé qua 2.9. Cho cac s0 0< <1, y>0. H¢ dong (21) 1a f—0n dinh mi H_ voi
mot hiéu suit muc j/néu tdn tai ma tran doi xtng xac dinh duong P c6 sb chiéu thich hop
sao cho bat dang thirc ma tran tuyén tinh sau duoc thoa man

D, B, PC] B,D] | (22)
x| ,2 —le 0 0
(y 9 <0
* * —1 0
= * * (m+1)° |

vGi m >0 cho trudc va

n=AP+PA +28P— 1 H 1 1 D,B; 1

Bu u P x “uPu TC P.
(m+1) 2(m+1)

+1)uu

B
1

B, P~ va nghiém
2(m+1) °

Khi d6, ma tran diéu khién nguoc dugc xac dinh 13 K = —

ﬂmln (P

e, vt>0.
= oy el

cua hé dong (5) thoa man danh gia mil ||X(t)||

2.2. Vi du minh hoa

Trong phan nay, mot vi du sé s& dugc dua ra ¢é minh hoa cho két qua nghién ciu
cua ching toi.

Xét hé phuong trinh vi phan phi tuyén \eqref{e1} c6 c4c ma tran hé s6 nhu sau
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-1 0 0 01 0 0 0.01
A=(0 -15 0|, B,=[0 -15 0 |, B,=[0.01]
01 0 01 0 0 -05 0.2

c _ 001 001 O O _ 0.01
*1-0.15 0.01 0.02| “ |-o0.01|

Nhiéu ngoai canh va cac ham phi tuyén

sin(t)e *® 0.001xZ (t) +0.001sin?(t)e ** _
0.LX (1) + X2(t) sin(t
w(t) =| sin(t)e*®" |, f(.) =] 0.001x] (t)+0.001sin*(t)e *™ ,h(,)[ 0% ()].
2
sin(t)e " 0.001x (t) +0.001sin? (t)e 0.1y (t) cos(t)

Dé thdy m=m =m, =d =0.0,m, =d, =0. Bdy gio ,ta cho truéc cic sb
S =0.95, =6. Dung phan mém Matlab dé giai bat ding thirc ma tran tuyén tinh trong
Dinh 1y 1 ta tim dwoc ma tran P va ma tran diéu khién nguoc sau
0.7941 0.0637 -0.0040
P =]0.0637 18.2747 -0.0007 |, K = [0.1441 0.0004 29.8755].
-0.0040 -0.0007 0.0034
Do d6, theo Pinh ly 1 hé déng (5) 1a S —6n dinh mii H_ véi mot hiéu suat mac y .
Mot m6 phong cac quy dao trang thai X, (t), X, (t), X, (t) cua h¢ dong (5) dugc chi ra trong
cac Hinh 1. Trong Hinh 2 1a biéu thi ham J(y,w) = ||y(t)||2 —||W(t)||2. Céc quy dao cua hé

mé& duoc cho trong Hinh 3, ta thay rang quy dao cua hé ma 1a khong on dinh. Tir d6 ching
to tinh hiéu qua phuong phap trong nghién ciu nay.

03

— Ty, w) = 3] - ()]

I
- 4 02t —_— e
(1)

X,(t) 04p

0.1

-0.2

0.3

04

-05

-0.6

(; 8 1‘0 1l2 7l4 1‘6 1l8 20 Time (t)
Time (t)
Hinh 1. Cac quy dao trang thai Hinh 2. Trang thai giira dau ra va nhiéu
X (1), X, (1), X, (t) ciia h¢ déng (5) Iy, w) =|ly@®)[ ~w®)|| cia h¢ déng (5)
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()
%0 4
X4(t)

-20

0 10 20 30 40 50 60 70 80 90 100
Time (t)

Hinh 3: Cac quy dao trang théi % (8), %, (1), X (1) cia hé¢ mé

3 KET LUAN

Van dé phan tich sy on dinh mii va thiét ké diéu khién H_ cho 16p hé phuong trinh

vi phan phi tuyén chira nhidu ngoai canh da duoc giai quyét trong bai bao nay. Mot diéu
kién du duoc dua ra dudi dang bat dang thirc ma tran tuyén tinh dé hé dongla f -on dinh
mil va c6 mot hiéu suat H_muc -y DBong thoi, diéu khién phan héi nguoc da dugc thiét

ké. Mot vi du minh hoa cho két qua ciia bai bao ciing da duoc dua ra.
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H,CONTROLLER DESIGN FOR A CLASS OF NONLINEAR
DIFFERENTIAL SYSTEMS

Le Huy Vu

ABSTRACT

This paper studies the problem of exponential stability and H_ control design for a

class of nonlinear differential equation systems. First, by appropriately selecting a
Lyapunov function and combining it with suitable estimation techniques, a condition is
proposed in the form of a linear matrix inequality to ensure that the closed-loop system of
the perturbed nonlinear differential equations is S - exponentially stable with H

performance at leve . Simultaneously, a state feedback control is designed. In the case of

a linear system, a corresponding result is obtained. Finally, we provide some illustrative
examples of the achieved results.

Keywords: Exponential stability, H_ control, nonlinear systems, Lyapunov function.
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