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IDEAN PON THUC KHONG CHUA BINH PHUONG
VA PHUC PON HINH

Lé Xuén Diing!, Tran Duy Nguyén?
TOM TAT

Bai bdo trinh bay chitng minh chi tiét vé phan tich cua idéan don thire khong chira
binh phwong theo phirc mat va phvcc khong mat dwoc S. Faradi dwa ra trong thao lugn
nam 2005.

Tw khoa: Idéan khong chia binh phuong, idéan mat, idéan khdng mat (idéan
Stanley-Reiner), phizc don hinh, phizc mat, phiic khéng mat (phec Stanley-Reiner).

1. PAT VAN BE

Cho R=K[X,...,X, ] 1a vanh da thtc nbién X,..., X, trén trudng K. Ta biét ring véi

mdi idéan don thirc | sinh boi cac don thie khong chira binh phuong (goi tit 1a idéan don
thirc khdng chira binh phuong) déu xéc dinh dwoc phirc don hinh tuong tng, dong thoi cau
trdc t6 hop cua phie don hinh ciing 4anh hudng dén tinh chat dai sé cua idéan don thuc | .
Do d6, viéc phan tich méi lién h¢ giita | va phic don hinh twong ung la van d& dwoc nhiéu
nguoi quan tdm. Bai bao hé thng va trinh bay chi tiét cac chung minh vé méi lién hé giira
idéan don thac khéng chira binh phuong vai phirc mat va phirc khéng mat tuong ung dugc
trinh bay so luoc trong phan thao luan [3, Discussion 2.13].

Ngoai phan giéi thiéu, bai bao chia thanh hai muc. Muc 2 gigi thiéu mot sb kién thic
co ban vé idéan don thirc khdng chira binh phuong va phirc don hinh. Myc 3 trinh bay céc
két qua chinh cua bai bao, truéc hét 1a phan tich idéan mat va khong mat (Ménh dé 3.2), tir
do suy ra dugc phan tich cua idéan khong chira binh phuong theo phirc mat va phuc khdng
mat tuong tng cua | (Pinh ly 3.4).

2. PHUC DON HINH

Trong muc ndy, chang tdi gii thiéu vé phic don hinh, idéan mat, idéan khong mat
(idéan Stanley- Reisner) dwa trén cac tai lieu [1], [2] va [3] va ludn gia thiét
R=Kk[X,....x,] 1a vanh da thac n bién x,,..., X, trén truong k.

Pinh nghia 2.1. (Xem [3]) Mot phttc don hinh trén mot tap hop cac dinh
V ={v,,...,,} 1a mot tap hop céc tap hop con cia V sao cho {v} €A vanéu F eA thi

moi tap con cua F ciing thudc A (bao gom ca tap hop rong).

1 Trung thm Gio duc thurong xuyén, Truong Pai hoc Hong Pirc; Email: lexuandung@hdu.edu.vn
2 Hoc vién 16p cao hoc K14 Pai s6, khoa Khoa hoc Tu nhién, Truong Dai hoc Héng Duc
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Ki hiéu FC(A) la tap cac mat cuc dai ciia A va f (A) 1a tap hop tat ca cac mat cia A.
Tir dinh nghia trén ta thiy, dé xac dinh mot phirc don hinh A ta chi can xac dinh tap cac
mit cyc dai FC(A) cia A . Gia st FC(A)={F,F,...,F,} khi do ta viét

A=(F,F,....F,).

Pinh nghia 2.2. (Xem [3]) Phirc don hinh con A" cua phirc don hinh A 1a mét phic
don hinh c6 tap cac mat cuc dai la tdp con cua tap cdc mat cuc dai cua phirc don hinh A,
nghiala FC(A") < FC(A).

DPinh nghia 2.3. (Xem [3]) Cho A 1a phtrc don hinh ¢6 tap dinh la {Vl,...,vn}, k la
mot truong va R=K[X,,..., X, ] 1a vanh da thuc n bién x,,..., X, .
a) Ki hiéu F(A) la idéan cua R sinh boi tit ca don thirc khéng chira binh phuong

X; - X, trong do {Vi1, ..... v, } la mot mat cua A , nghia la

F(A)= (xil,..., % | {Viy""\’is } € A)

va goi la idéan mat cua A.
b) Ki hiéu A'(A) 1a idéan cua R sinh boi tit ca cac don thic khong chua binh

va goi la idéan khéng mat (idéan Stanley-Reiner) cua A.
Tap sinh toi tiéu cua idéan A'(A) bao gom céc don thuc X,...X, sao cho

{vil, ..... vis} la khong mat nho nhat theo quan hé bao ham ciia A. Do d6, khi tim idéan

N (), ta chi can liét ké tat ca cac khong mat nho nhat cua A
Dinh nghia 2.4. (Xem [3]) Cho | =(m,,...,m,) la mét idéan don thiac khong chira
binh phuong trong vanh da thic kK X,...,X, , trong d6 m,,...,m, 1a cac don thic khong

chira binh phwong va 1a hé sinh tdi tiéu cua | .

a) Ki hiéu 6,(1) 1a phic don hinh trén mét tap dinh v,,...,v, c6 mat cuc dai la
F,..., F,, trong do voi moi i, F = v, ‘xj Im;,1<j<n vagoilaphtcmitcua I .

b) Ki hiéu &, (1) Ia phitc don hinh trén mgt tap dinh V,,...,V, , trong d6 {"il' ..... Vis} la
mot mat cua 6, (1) khi va chi khi Xi o Xig ¢ I va goi la phuac khong mat hay con goi la

phuc Stanley-Reiner cua | .
Tur cac khai niém trén, ta c6 tuong (tng 1-1 gitta cac phac don hinh va cac idéan don
thac khong chira binh phuong. Nghia 1a,
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Cho I 1a mét idéan cia R=K X,,...,X. , cac dinh cua 6, (1)1a cac bién ma cac bién
nay 1a u6c cua cac don thirc sinh cua I, tap ndy khong nhat thiét phai bao gém tat ca cac
bién x,,...,X, , tac Ia tap nay la tap con cuatap X,...,X, . Tirtinh chat

n

K X, X ooy X by By

L.t
ta nhan thdy mot s6 bién khac thém vao trong vanh da thtic s& khong lam anh huong dén
c4u tric dai s6 va cAu tric t6 hop cua 6, (1). Hay noi cach khac, néu A 1a mot phic don
hinh, ta c6 thé xem xét cac idéan mat, khdng mit cua cac phirc don hinh con nhu 13 céc
idéan trong cung magt vanh da thtrc.
Vi du 2.5. Cho phttc don hinh A nhu hinh 1. Ta cd

N(A) = (X2X4’ X4X3)’ f(A) = (X1X2X3’ X1X4)

1a cac idéan cua vanh K X, X,, X5, X, .

g k X1)---1Xn ’

rUB

V2 (1
Hinh 1
Vi du 2.6. Cho | = (X,X,, XX, X, X,) 1a idéan cua vanh da thuc K[x, X,, X5, X,]. Khi
d6, phirc 6, (1) c6 cac mat cuc dai la {v,},{v,,V,,V,} @tng véi cac don thuc khong thuoc |
12 X, XXX, nén &, (1) = ({3 {v,,v3,v,}) (Hinh 2).

Uy

U3 V2
Hinh 2
Phic 6, (1) c6 cac mat cuc dai {v,,V,},{v,, V. }.{v;,V,} tng vai cac don thic thude

|13 %X, XX, XX, nén 6, (1) = ({v,, v, . v, Vo3 {v,, v, 3) (hinh 3).
Vs

G e

U1
Hinh 3
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Pinh nghia 2.7. (Xem [3]) Cho A la phtrc don hinh c6 tdp dinh V va cac mat cuc
dai la F,...,F,. Mot phu dinh cta phirc don hinh A 1a mot tap con A cua V sao cho voi
moi mit cuc dai F déu ton tai mot dinh cua F thugc A. Phu dinh tdi tiéu caa A 1a mot
tap con A cua V khéng cd mét tap con thuc su nao la pha dinh cua A. Tap cac phu dinh
t6i tiéu cua A, ki higulaP A .

Vi du 2.8. a) Cho phitc don hinh A nhu hinh 1 trong vi du 2.5. Tap cac phu dinh téi

tituciala A AP A = v, Vv, , V,V,
b) Cho phirc don hinh &, (1) nhu hinh 3 trong vi du 2.6. Tap cac phu dinh téi tiéu
ciala é.(1) 1A P o(1) = v, , V,,V,V,

t
Mot phén tich cua idéan | cd dang | :ﬂQi duoc goi la phan tich rat gon néu
i=1

t t t
khong bo di dugc bt ki idéan Q 1<k <t nao trong giao []Q, , nghiala (Q & (Q
i=1 i=1 i=1

i=k
. Trong truong hop | 13 idéan khong chtra binh phuong, ta ¢ thé xac dinh duoc cau tric
cua cacidéan Q;, 1<i<t nhu sau:

B6 d& 2.9. (Xem [2]) Cho | = m,,...,m_ la idéan don thic khong chira binh phuong

q

t
trong K X,..., X, . Khido, | c6phéntichritgonl :ﬂQi ,trong d6 Q; codang X, ,...,X;

i=1

3. PHAN TICH IDEAN DON THUC KHONG CHUA BINH PHUONG

Trong myc nay, chung tdi trinh bay phan tich cua idéan don thirc khong chira binh
phuong dua trén phan thao luan trong [3].

B6 dé 3.1. Cho I = my,..,m, la idéan don thuc khdng chia binh phuong trong

la hé sinh téi tiéu cua L. Dat V' 1 tap cac bién, ma cac bién do 1a

. Khi dé, F € FC(6,-(1)) khi va chi khi

K Xy X, VO my,.om,

udc cua mot don thuc trong he¢ m,,...,.m
VAF e P(,(1)).

Chung minh.

"=" Gia st F= v,,...v; € FC(0,(l)). Khi do, x..x &1 va ta nhan duoc
V\F= v.,,..,V, .GiasitV\F khong phai [a mét phi dinh cta 6, (1). Khi dé, ton tai

mat cuc dai cia 0, (1) khong co dinh nao thuoc V \ F. Gia sa F, khong c6 dinh nao thuge

q

V \F, suy ra cac don thirc khdng chtra binh phuong m, khong chira cc bién X, ..., X, hay
tap m, c6 cac bién thuoc tap X,,...,X . Do d6, m |X..X VA suy ra x..x < |, diéu nay

mau thuan véi gia thiét x,,...,x, | . Do d6, V \ F lamét pha dinh caa 6, (1).
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Gia sir c6 mot tap A la tap con thuc sy cua V \F Ia phu dinh cua 6, (1). Khéng
mat tinh tong quét, gia st A= V,,,..,V, . Gid Sit X..X,, |, nghia 1a ton tai
m, | X...X, , mat khac do A Ia phu dinh cua 6, (1), nén F,F,,..., F, déu chua it nhat
mot dinh thugc A, nghia 1a cac don thac m;,m,,...,m, déu chia it nhat 1 bién thugc tap

X preen X, hay M {X..X.,, Mau thuan véi m,|x..X . Suy ra x..x,, ¢ 1. Do do,

F'= V,..,V,, lamotmatcaa phiac &, (1) thuc sy chia F . Diéu nay mau thuin voi
F la mat cuc dai . Vay V\F € P(6, (1)) .
" <" Gia sir cho F CV sao cho V \F € P(6,(1)). Khong mét tinh tong quat, ta

,khidd6 VAF= v,,..,v, .Gidst X..x €. Khidé, ton

n

co thé gia st F = V,,...,V,

tai m, 1a wéc cua X...x;. Suy ra tap cac bién cta m, Ia tap con cia X,..,% . Khi do,
FC v,.,V, , nén mit F khong c6 dinh nao thugc V\F , mau thuan véi
VAFcP(@6,(1)).Suyra x,... % €1, hay Flamot matcua 6,.(1).

Gia sir F' la mot mat cua 0, (1) thuc sy chia F . Ta ¢ x...x, € | . Khong mat
tinh tong quat, gia st F'= v,..,V., . Theo ching minh & phan thuan,

1 Vig
VA\F'= v,,,..,v, lamétphu dinh cua 6,(1). Do V\F' la mot tap con thuc sy cua
V \F nén mau thuan véi V \ F 1a pha dinh t6i tiéu cia 6, (1). Do d6 F la mot mat cuc
daicua 6, (1) hay F € FC(6,.(1)).

Vay b qé dugc chirng minh.

Ménh de 3.2. (Xem [1, Theorem 5.1.4]) Cho A la mét phirc don hinh , FC(A) la
tdp cac mdt cuc dai ciia A va P A 14 tdp tat ca cac phu dinh toi tiéu ciia A. Khi dé, ta c6
phan tich ciia idéan khong mat N'(A) va idéan mat F(A) nhir sau

a) N(A)= m P, trongdo P. =(X |v. € F).

FeFC A

) FA =[] X.u%

Ching minh.

Do N'(A) va F(A) la cac idéan don thic khdng chira binh phuong nén theo B
dé 2.9 thi A(A) va F(A) déu co phan tich thanh giao ciia cac idéan co6 dang NP, trong
d6 P 1a c4c idéan don thic sinh bai cac bién.

a) Ta can chung minh P = X, ,...,X; 1 idéan nguyén t5 tdi tieu (theo quan h¢ bao

I

ham) chaa V' (A) khi va chi khi v, ...,v \vjl,...,vjt la mot mat cuc dai cua A.

11V
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"=" Khong mét tinh tong quat, ta gia st P= X,,...,X 14 idéan nguyén t5 t6i tiéu

chea AM(A) . Gia st v,,,...,V, €A . Khi d6, X...x,€ N(A) , suy ra
X1 X, € X, X =P, diéu nay khong xay ra vi cac biénx,,...,x, déu khong phai la
udc cua X ..

Khong mat tinh tong quét, ta co c6 thé gia st Vi,...,V

n

X,.Dodd V..V, €A,

i+17"

la mot mat cua A thuc su

chua v, Vv, . Khi dé tacov,,..,v, , €A vaidéan nguyén t6 P'= (X,,...,X,_,) chira

i+17""1
N (A)nam trong thuc sy P= X,...,X . Diéu ndy mau thuan véi tinh téi tiéu cia P .
Do do

ViV, \ VY, = VgL, €FC AL

i+10

.1V, 1 Mt cuc dai cia A. Ta can

"«="Khong mét tinh téng quét, gia sa Vv
chang minh P = (x,,...,X)1a idéan nguyén td téi tiéu chita N'(A). Gia s P khong
chaa N (A), nghia 1a ton tai don thic X; X, € N(A) nhung X ..x; € P. Diéu nay

suy ra (X, ..., X; ) khong chtra cac bieén x;,..., X, nghia 1a v,,...,v;

L CV vy,

hay ViienV C OV v ,do v e A. Mat

i vV, v la mat cua A nén ViV

111 Vi is
khac do X;..X; € N'(A) nén v,.v, ¢A. Day la diéu vo Iy. Vi vay, P la idéan
nguyén té chira A/ (A)

Gia sir c6 idéan P'sinh boi cac bién thuc sy nam trong P va chia idéan A(A).
Khéng mét tinh tong quat, gia sit P''= X,...,%,, DN(A). Theo lap luan trén & phan
thuan ta ¢ Vv,V ...V, €A ma V..V, D V,..,V, , mau thudn véi tinh cuc dai
cia V.V, .Dodd X,..,X laidéan nguyén t6 tdi tiéu chaa N(A).

Vay N(a)=_ 0 P Be=xlviEF .

b) Ta can ching minh idéan don thic nguyén to toi tiéu P = x,,...,x_ chua idéan
F A khivachi khi ViV, EP A

"=>" Gia sir idéan don thic nguyén té téi ticu P= x,,..,, chira idéan F A .

bat, 7(A)= m,,..,m, ung véi FC(A)= F,..,F, .Gidasa v,,..v, khong phai la

phu dinh cia A. Khi do, ton tai F, € FC(A) khong c6 dinh nao thuoc v, ,...,V; , nghia la
Fo= VoV, CVA Vv o Do do xax © oxpenX, VX x hay

m =X ..x € F(A) khong chia hét cho cac bién X, ..., X, , nén M, Z P, mau thuin voi
F(A)CP.Dodo v,,....v,

ls

la mot phu dinh cua A |
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Gia st V,,..,v, khong phai la phu dinh téi tiéu cua A, nghia 1a ton tai mot phu

Is

dinh khac thuc sy ndm trong v, ,...,v, . Khong mit tinh tong quét, gia st v, ,...,v,  la

ls s

mot phii dinh ciia A, nghia 1a F,..., Fy c6 it nhat mot dinh thuoc v, ,...,v, . do d6 cac

Isq

don thgc My,..,M; déu chia hét cho mot trong cac bién X ,..,X do do6

vy A
[

FA)CTX e X, mauthudnvéi X ,..,x laidéan don thic nho nhét sinh boi céc bién

chia 7(A). Vivay, v,,..v, €P A.

i
<" Gia su ViV, €P A . Lap luan tuong tw trén ta co
F A C XX

I

=P. Gia st c6 idéan don thuc sinh bai cac bién P' thuc sy nim
trong P thoa man F A CP' , khéng mat tinh téng quat ta gia sur

P'= X ,..,X
1

[}

DF A, lap luan tuong tu trén ta co Vi Vi

Isq

1a mét phu dinh cua A

thuc su nam trong vi,...,v, , mau thuan véi ViV cP A .DoddP= X; e X

1a idéan don thirc tdi tiéu sinh boi cac bién chira F(A).
Vay F A= [ X..X .O
Ly, €P A
Vi du 3.3. Cho phuc don hinh A nhu trong Vi du 2.5
FC (A) - {{Vl’ V4}’ ViV, V3}} va
v, v, Ve, V. I\, v, 3 ={v, , v. 1 v v Vi, VIV v, Vo =V,

Suy ra N (A) = (x,)N (%, %)= [) P, trongdo P = (x |V, £ F).

FeFC A

Theovidu2.8a),taco P A = v

1 1

v,,V, , Vv,v, .Dodo

1V o Vg ¥y

FA) = (4%, 6%) = ()N06 x)N06x) =[] %X

Pinh Iy 3.4. Cho I =(m,,..,m,) 14 idéan don thic khdng chira binh phuong trong
vanh da thic K[x,...,x,] (k 12 mot truong) va M;,..., M, 1a cac don thic ¢ cac bién liy

trong tap {x,....,x,} 1a hé sinh téi tiéu cua | . Cac phitc don hinh 5, (1) va s, (1) dugc Xac
dinh nhu trong Pinh nghia 2.4. Khi d6

| = n X X, = ﬂ P trongdo P. = X |v. &F .

Vi meVig €P (1) FEFC Sy 1y

Chung minh.
Pit A, =6,(1), khi d6 ta co F(A,)= xil,...,xis\ Vi,V €FC(A) . Gia su

FC(A)= F,...,.F

o » theo Dinh nghia 2.4 a) ta co F = v, |x, |m, Vvéi moi 1<i<q

suy ra
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F(A)= %X | VooV, =F €FC(A,) =(m,,...m,).
Mt khac theo b) ciia Ménh dé 3.2 ta c6

| = ﬂ X X = ﬂ X, veen X

Vi Vi €P A ViV €P 85y

bit A, =6, (1) khi do6 ta co
N(@A,) = xil,...,xis‘ VoV, EA, = xil,...,xis‘ ViV €6.(1)
Tir Pinh nghia 2.4 b) V& 5,.(1), do V...V, €&, (1), nén X....x €1 suy ra
N(@A)C.
Lay m, la mot phan tir sinh cua | , gia st M =X.X , khi do ta c6 mit

F= V..V, . Do m el nén theo dinh nghia Dinh nghia 2.4 b) Vé 5,.(1) ta co

t
VsV E 0 (1)hay m e A(A,)hay I c A (A,). Suy ra 1 =AN(A,). Theo Ménh

dé 3.2 a) taco
|:N(A2)= ﬂ P = ﬂ PF,trongd(’)pF:(xi|vi§-C/|:)_D

FeFC A, FEFC oy ()

Vidu3.5. Cho I = (xx,,%x,,%x,) nhu trong Vidu 2.6,taco I = (x,)N(x,, X, X,).
Theo Vidy 2.6,taco 6,(1)= ({vl},{vz,v3,v4}) va

Vv, v, v v, v v = v v v v v =4, v v )
Suyral= (| Pp.trongdd B =(x|v, £F).

FEFC 6y q)

Theo Vi du 28 b), ta co tap cac phu dinh t6i tiéu cua s,(1) la

Po.(1)= v, ,vv,y ,suyral= [) X, 1o X,

XXy €P gy

4. KET LUAN

Cho trugc mot idéan don thiic khéng chia binh phuong |, ta luén xac dinh duoc
phirc mit va phirc khéng mit twong ng, tir d6 chiing té duoc | ¢6 phén tich theo phuc
mat va phac khéng mat do.
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SQUARE-FREE MONOMIAL IDEALS AND SIMPLICIAL COMPLEXES
Le Xuan Dung, Tran Duy Nguyen
ABSTRACT

This paper provides a detail proof of the representation of a square-free monomial
ideal with respect to the facet complex and the non-face complex.

Keywords: Square-free monomial ideal, facet ideal, non-face ideal (Stanley-Reiner
ideal), simplicial complex, facet complex, non-face complex (Stanley-Reiner complex).
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