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Abstract: The aim of this paper is to investigate the C,-asymptotic equivalence of

differential equations with maximum by applying the Banach’s fixed point theorem in an

appropriately weighted function space. In some contexts, this paper generalizes the results
of D. Otrocol [8].
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1. Introduction

Differential equations with “maxima” are a special type of differential equations that
contain the maximum of the unknown function over a previous interval(s). Such equations
adequately model real world processes whose present state significantly depends on the
maximum value of the state on a past time interval. For example, in the theory of automatic
control of various technical systems, it often occurs that the law of regulation depends on
the maximum values of some regulated state parameters over certain time intervals. In [6],
E. P. Popov considered the system for regulating the voltage of a generator of constant
current. The object of the experiment was a generator of constant current with parallel
simulation and the regulated quantity was the voltage at the source electric current. The
equation describing the work of the regulator involves the maximum of the unknown
function and it has the form

Tu'(@) =—u(t)—q max u(s)+f (), (1.1)

where 7, and ¢ are constants characterizing the object, u(?) is the regulated voltage

and f(¢) is the effect of the perturbation that appears associated to the change of voltage.

Recently, the interest in differential equations with “maxima” has increased
exponentially. Let us mention, for instance, iteration method for approximating solutions
of nonlinear differential equations with maxima [1] [2] [3]; qualitative properties of

solutions [4] [5] [9] [10], etc.
Let R" be the Euclidian n-space. For u=(u,u,, --u,) eR", let
lu k= max {|u, |, u, |} be the norm of u . For a matrix 4 € M, (R), 4 = (a;) , we define

nxn

l/|'

the norm | A| of A4 by |A|=111<125;|a.,
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In this paper, we consider the following differential system

x(t) = A@)x(t), t=t, (1.2)
and the perturbed one with maxima of the form
5O =AY 0+ 1 ryOmax 1)), 11, (3
More precisely, the following Cauchy problem
YO = AO¥O+ (1,30, mx 7). 1 <lte0 (4
y(t) = ¥, (1.5)

Definition 1.1 ([8]). The Equations (1.2) and (1.3) are asymptotically equivalent if
for every solution x of (1.2), there is a solution y of (1.3) such that

lim | x(t) - y() =0, (1.6)

and conversely, for each solution y of (1.3) there exists a solution x of (1.2) such

that (1.6) holds. In [8], Otrocol proved the asymptotical equivalence of (1.2) and (1.3).
Impressed by more general concept of this notion which introduced in [7] by Olaru called “
C, - asymptotic equivalence", in this paper we extend the result of Otrocol to the case of C,

- asymptotic equivalence. To do this, we make the following assumption.

Assumption 1.2. There exists L, :[a,%) — R such that

| £t u)— f(tv,v,) I L (Oymax {|u, v, |,lu, —v, |}, Vt€[ty,0), u,v, eR",i=12;

2. The existence of solution in weighted space

Now, for g is a given continuous and positive function defined on [7,,00) , we define
BC, = {u € C([to,oo),R" ) ssupg () | u(e) < oo}.
121
the Banach space endowed with the norm
| x HBCg =sup| g (H)x(t)|, Vxe BC,.

220
Theorem 2.1. Let X(¢) be a fundamental matrix of the system (1.2). Suppose that

a) the Assumption 1.2 holds;
b) there exists a constant K > 0 such that

g7 OX(@O)X ' (5)g(s) <K, t,<s<t<owo;

C)'T" 27'()f(5,0,0)l ds <0 ;

ly

d)K]eLf(S)dS <l1.

ty
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Then the problem (1.4) - (1.5) has a unique solution in BC,([#,,%),R").
Proof. For y e BC,([t,,),R") we put

(B0 = XX )y + [ XOX ) (52305) max (&) s, Vi 21,

fy

We have
| (Fy)(@) < Mg(0)| g (DX (O X (1), |

+g0 [l g OXOX " (5)g(s) ] g7'(s) ds

£[s36max y(s) ) £5.0.0

+20[ll g OXOX " (5)8(5) | g7 (5)]/(5,0,0)|ds

)

< 80Ky, +8OK [L,()g " ©max (5

g;gy(é)”

+8(OK [| g7(5)/(5,0,0) | ds

fy

< @Ky, +2OK || yllye, [L,(s)ds +gO)K [|27(5)/ (5,0,0) | ds,

) )

which implies

ﬁﬂp% < K{yw |3 lsc, TLf(s)ds + T| 27(5)f(5,0,0)| ds] <o,

Thus, F: BC,([t),%),R") = BC,([t,,%),R").

) )

Furthermore, for any y,,y, € BC,([t,,%),R") one has
| (Ey)(@) = (Fy,) (@) |

- ‘X(z)Xl(ro o+ [ XX 6f (52319 max (&) s

fy

~XOX @, = [XOX " 6) [5.7205).max . (&) s

Ty

< g(r)jugl(t)X(r)Xl (gL, (s)g™" (s)max {| IXOESAOI

fo

< K [, ()¢ (9)max | 1)~ (5) bimax | 7(8) = (&) [

max y,(¢) -~ max yz(f)‘}

< @K [ L ()ds | 3,3, e, -

ty
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Here, we conclude that
1Ty, ~ T, ||B(‘g < KJL/(S)dS- 1 y,=», HBQ s V' )1.», € BC,([15,0),R").

ly

By the condition d), 7' is a contraction mapping on BC,([¢,,%),R"). Thus, there

exists a unique solution to (1.3) in BC,([¢,,%0),R") which is a fixed point of 7.
3. C, - Asymptotic equivalence

Definition 3.1 ([7]). Let g(¢) be a positive continuous function on [f,,0) . We say
that Equation (1.2) and (1.3) (or the system (1.4) - (1.5)) are C, - equivalent on [£,,%0) if
and only if to each solution x(-,#,) of (1.2) there exists a solution y(-¢,) of (1.3) such that

_ 3.1
hm|x(t3t0) y(talo)| :O ( )
t—w0 g(t)
and conversely, for each solution y of (1.3) there exists a solution x of (1.2) such

that (3.1) holds.
Theorem 3.2. Let X(¢) be a fundamental matrix of the system (1.2). We suppose that

a) the Assumption 1.2 holds;

b) Tg*(s) I £(5,0,0) [l ds < o0

fy

c) there exists two projectors F,P, of R" and a constant K >0 such that
lgX@)PX"(s)g7'(s) <K, fort, <s<t,
lg(X@OPX " (s)g7'(s) <K, fort, <t<s,
limg™ ()X ()P, = 0;

d) 2K[L,(s)ds<1.

fy

Then (1.2) and (1.3) are C, - asymptotically equivalent.
Proof. Let x bea BC, -solution of (1.2).

Corresponding to x we consider the operator

T9(0) = 0) + [ XOPX ()1 5.(5).max (&) s -

_TX(t)PzX—l(s)f(s, (5) max y(g))ds,

We show that BC, ([to,oo),R") is invariant for the operator 7.
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If y € BC,([t,,%),R") then

<

(130 max ()| - 20,0

1 rytormax @) +/(0,0)

< L, (Omax( |

<L 0 lyll+]£0,0)].
Let xbea BC, - solution of (1.2) and y € BC, ([to,oo),R”). Then

j+|f<t,o,0)|

max
max y(c)

| Ty(0) [< Mg(6) + (1)

¢ OXOP 2o Of [.yOmax @) s

£ g0l ' OXORX g1 60 (s r6hmax @) s

<Mg(©)+gOK 1y Iy, [L,(5)ds +g)K [ g7(5)f(5,0,0)| ds

ly l

+OK | ¥, [L,()ds +OK [g7()] £(5,0.0)| s

So

[ 79llye, <M +K |3y [L,(s)ds+K[g™(5)] £(5.0,0) | ds < oo.

) )

Now we prove that 7" is a contraction on BC, ([to,oo),]R")
| Ty,(t) =Ty, (?) |

<gIg" OX(OPX " (5)g(s)| g7 (5)

Flsonmax (@) 1560 max )|

+g(®) I g OX(OPX(5)g(s)|g7'(5)

F{sonmax @) r{sun(ormax e |

jds

max y,(s) ~max y, s)
ty<E<s ty<E<s

< SOK 1,0 0)max( 1 9)-2.05),

Ly

max §)—max
tosfﬁsyl( ) ty<E<s y2 (S)

jds

<g(HK I =0 HBCg J.L_/(S)ds+g(t)K Hy1 ) H/E;Cg J-L_[(S)ds’ NAZS 2 EBCg ([to,oo),R"),

% t

2K [, 6)max3,(5)-36)

Therefore,

f Ty, =Ty, HB(‘gS(zKJ.L/(S)dS]HyI - HB(‘g Yy, € BCg ([to,oo),R”)_

ly
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By Banach’s fixed point theorem, there exists a unique solution of (1.3). Let y bea
solution of (1.3) corresponding to x . Then

[X(0) =y (1)
< g0)|¢ " OXORY g(o)g (517 s ()max (@) Jis

ly

+ 2]

¢ OXOPX ' ©)g)e ()1 5, (5).max (@ s

£ OXORX (51”511 (5.3 (hmax (D) s

< g(t)tj

& OXWRX ()g(s)g 617 [s.15).max (&) s

+ g(t)j

¢ OXOPX G)g(s)g 61 (5.3 (max (D) s

+g(0)|
t
Hence

x5l | KO [l 1| {5.005)max 9

s+ K J| (s rnmax &) .

We fix £ >0 and determine ¢, >¢, such that the second integral in the right-hand

side of the above inequality is less than ¢ /2. With ¢, fixed, from hypothesis c), we have
that the first term on the right-hand side of the above inequality tends to zero as $x$ tends

. . . r)—y(t
to infinity. We may therefore conclude that hmM =0.

t— g(t)
Similarly, we take a bounded solution y of (1.3) and we observe that

X0 =30~ [ XORX ()1 (5 p(6)max y(&) s

+TX(1)P2X_1(S)f(S’y(S)’ glg?gy(f))ds

satisfies (1.2) and (1.6) holds.
Remark 3.3. Note that, when g =1 we obtain the result which is presented by

Otrocol [8] as mentioned before.
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