Hong Duc University Journal of Science, E7, vol.12, p.(57-65), 2022

FRECHET SINGULAR SUBDIFFERENTIALS OF THE MINIMAL
TIME FUNCTION ASSOCIATED WITH A COLLECTION OF SETS

Nguyen Van Luong!, Nguyen Thi Xuan!, Nguyen Thi Nga?, Van Thi Trang?
Received: 28 June 2021/ Accepted: 25 March 2022/ Published: April 2022

Abstract: In this paper, we present the formulas for computing the Fréchet singular
subdifferentials of the minimal time function associated with a collection of subsets in
normed spaces.
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1. Introduction and preliminaries

Let X be a normed space, ' and Q be two nonempty subsets of X . The minimal
time function with the constant dynamics F' and the target set Q is defined by

T (x) =inf{t>0: (x +tF) "Q= T}, xelX. (1.1)
The minimal time function 7; g plays an important role in variational analysis since

its covers three crucial functions in variational analysis: the distance function, the
Minkowski function and the indicator function. Variational analysis and subdifferentials
of the minimal time function with a convex dynamics containing the origin in its interior,
in Hilbert spaces were first investigated by Colombo and Wolenski in [5] [6]. Later, the
function has been studied extensively by many researchers; see, e.g., [2] [3] [4] [7] [8] [9]
[12] [13] [16] [19] [21]. He [8] studied subdifferentials of the minimal time function in
Banach spaces. These results were extended to the setting of normed spaces by Jiang and
He in [9] and then improved by Mordukhovich and Nam in [12] [13]. Bounkhel investigated
subdifferential calculus of the minimal time function in Hausdorff topological vector spaces
in [2] [3]. Applications of variational analysis and generalized differentiations of the
minimal time function to generalized location problems were presented in [13] [14] [15]
[16] [17] [18] [20] and references therein.

The notion of the minimal time function associated with a collection of set was
recently introduced in [11]. This new function contains the classical minimal time
function as a special case. More precisely, let m be a positive integer and let

U=1{U,,--,U,} be a collection of mnonempty subsets U,,":-,U, of X and Q a

nonempty subset of X . The minimal time function associated with the collection U/ to
the set Q is defined as: for x € X .
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T, (%) ::inf{t1 +eott, iy, 1, > 0and (x + 14U, +---+thm)mQ¢®}.
It is obvious that if U, = F andU, =---=U, ={0}, then T}, , becomes the usual

minimal time function 7, 5 defined in (1.1). Let x € X . From the definition of the minimal
time function 7y, ,, we see that if 7}, ,(x) <00, then it is the smallest time to steer x to the

target Q using at most one direction in each set U,,--+,U,, . It means that x may be steered

to the target (2 in a “zigzag” path. This contrasts with the case of the classical minimal
time function as points are steered to the target along a straight path. It turns out that the
new type of minimal time function is more flexible than the classical one and it can be used
to model problems that the classical one cannot. By careful adaptation of existing results
for the classical minimal time function, in [11], we present various basic properties of the
new minimal time function. These properties (which include, among others, lower
semicontinuity, Lipschitz continuity, convexity, principle of optimality and subdifferential
calculus) were then utilized to study a location problem. The aim of this paper is to continue
investigating the minimal time function associated with a collection of sets by proving the
formulas for computing Fréchet singular subdifferentials of the function.

We now recall some basic concepts of nonsmooth analysis [1] [10]. Let X be

normed space and X be the topological dual space of X . We denote by ||-|| the norm
in X and by (-,-) the dual pair between X and X . We also denote by ||-|| the dual norm
in X". Denote by B(x,r) the open ball of radius 7 >0 centered at x and B = B(0,1).

Let S © X beaclosedsetand let x € S . The Fréchet normal cone to S at x , written
N ¢(x), is the set

Ns(x) = {é’ eX: limsupM SO}.
soyor || y—x||
In other words, § € N ¢(x) ifand only if for any & > 0, there exists ¢ > 0 such that
(Gy—x=<elly—xl,  VyeB(x,9).

Elements in N ¢(x) are called Fréchet normalsto S at x.

Let f: X —> R U{+o0} be an extended real-valued function. The effective domain
of fis defined by dom( f):={x € X : f(x) <+oo} and the epigraph of f is defined by

epi( /) ={(x,@)e XxR:xedom(f),a> f(x)}. Let xedom(f). The Fréchet
subdifferential of f at x is the set

yo | y—xll
Equivalently, { e éf (x) if and only if for any & > 0, there exists ¢ >0 such that
Cy=—x<fM-f+elly-xl, VyeB(xJ).

Of (x) = {g e X"t liminf L) =/ D=6, y=%) zo}.
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We call elements in éf (x) the Fréchet subgradients of f at x. The Fréchet
subdifferential of f at x can also be defined as
F () ={¢ € X (¢ ,=1) € Ny, (3, ().
The Fréchet singular subdifferential of f at x is the set 0" f(x) which is defined by
O f () ={¢ € X :(£,0) € Ny, (x f (D).
In other words, ¢ € 0" f(x) ifand only if forany & > 0, there exists & > 0 such that
(Cy—x)<e(ly=—x[[+[ =S,  VyeB(x, o)y, p) epi(f).
We call elements in 0” f(x) the Fréchet singular subgradients of f at x.
The support function p,: X " —(—o0,00] of a subset 4 of X is defined as: for
feX

ES

p4(&) =sup(<, x).

xeA
2. Fréchet singular subdifferentials of the minimal time function

For simplicity of the presentation, we consider the minimal time function associated
with a collection of two subsets of X . Throughout this section, U ={U,,U,} is a

collection of two nonempty, bounded subsets U,,U, of X . We always assume that
U nNU, c{0} and U, WU, # {0}, Q is closed. We denote M =sup{||u||:u € U} where
U=U, U, . The function T, , is now written as:

T, o(x) =inf {1, +1, :1,,1, 20and (x +1,U, +1,U, ) " Q= D}, (2.1)

For t >0, we define

R(t) ={xex:T, o(x) <t},
and
R={xeX:T,,(x) <o}
Our first result is stated as follows.
Theorem 2.1. Let x, € Q. We have

0" Ty 0 (%0) = No(x,) NS € X" imax{p,, (=4, py, (=)} <0} (22)
Proof. Let { € O°T, ua(X,) . Then, for any & >0, there exists & >0 such that
(G y—xp<e(ly—xl+B), VyeB(x,9),(y, p) eepi(Ty,q)- (2.3)

It follows that
(G y=xpp<elly=xll, VyeQnB(x,,0).
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This means that ¢ € ]QQ (x,) -
Let ueU be arbitrary and let A >0 be sufficiently small such that
y=x,—Au € B(x,,0) . Then, we have T;,,(y)<A.From (2.3), one has

(¢, —Au)y < &(|| —Au[|+4)
Dividing both sides of the latter inequality by A >0, we get
(&—wy < &(|lul|+1).

Letting & — 0", we have ({,—u)<0. Since u € U is arbitrary, py(=¢) <0, or

max{p, (=¢), p,, (—¢)} <0.
Now, let ¢ € ]\79 (x,) be such that

max (g, (~). py, (~)} <0.
We shall prove that ¢ e O°T, u.a(X,) . Assume to the contrary that ¢ ¢ O°T, 1o (X))

Then, there exist C >0 and sequences {y,} <X, {f,} R such that y, —x, as

i—oo,and B 2T, ,(y),y; #x, and

(€, =x)2C(ly; =X, | +5). (24)
for all i. We have from (2.4) that
<§»y1 _xo> 2 C(” Yi =X ” +TL{,Q(yi))9 Vi. (2.5)
This yields

1 .
L=Tua) <l llly =xll, Vi

and thus ¢, > 0 as i >,
Let 77>0. By the definition of T, for each i, there exist tf,t; >0, weQ,
u; eU,, u) €U, such that
L<t+t <t +m, W=y +tu +tul
One has for all i that
W =2, 1=l v, +fiy + 3, = ||y, =, ||+, +m)M.
Since 77> 0 is arbitrary, W —>x, as i —>o0.Let £>0. Since ¢ e Ng(xo) , for i
large enough, we have
(& —x )<l w -, (2.6)
For i large enough,
Clllyi=x, 1+2) <&y, —x) =(S W' —tjuy —t 5 —x,)
= (G oW =Xo) +1{(=Cup) +15(~¢ ,u3)
<ellw=x,|l (asp, (=) <0).
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Hence,
i 2.7
cep ¥ mll @)
1y, —x, |+,
w —x
for i large enough. We claim that the sequence {u} is bounded.
1y =% 1+,

Assume to the contrary that the sequence is not bounded. Then, without loss of generality,

there exists I, such that for i>1i,, we have

W =5l s (28)
| y; =% ||+,
That is, for i >1,,
(M +2)(| v, =x, || +2) LW =, [l 3, =% [+ + &M
Let &£—0", one has
(M +2)1l y; = xo [ +2) <l y; = xo [ +6:M
for all i sufficiently large. This implies that
(M +D [y, —x, I<-2 <0

for all i >, large enough. This is a contradiction.

Qzﬂm{nw—wa|}
i Uy =x 1+

From (2.7), we have C<&Q.Let £ - 0", one gets C <0 which is a contradiction.

Set

Thus, ¢ € O°T, 1.0(X) . This ends the proof.

Next, we give the formula for computing Fréchet singular subdifferentials of the
minimal time function at a point outside the target. For that aim, we need the following result.

Proposition 2.1. Let x, € X be suchthat 0<r:=T, (x)) <+o.If { € ]\A/R(r)(xo)
then we have py(=¢)=0.
Proof. Since ¢ € NR(,,)(xO) , for any & >0, there exists ¢ > 0 such that
(Cy—xp<elly—x|. (2.9)
for all y € B(x,,0)NR(r).
Since r =Tu’9(x0) <+o0, by the definition of 7, for 0 <y <7/2, there exist
t,,20, weQ, u, €U,, u, €U, such that r <t,+f, <r+y and w=x,+tu, +t,u,.

Without loss of generality, we may assume that ¢, >¢, and #, >0. Then, t, >7 /2.
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We take r/2<n<max{r,0/M} and let z=x,+nu,. It is easy to see that

z € B(x,,0) . Moreover, since
Z+(t, —nu, +tu, =we ),
we have
TM,Q(Z) <t,—-n+t,<r+y—-n<r.

It means that ze B(x,,0)NR(r). From (2.9), one has ({,nu,)<¢&l nu,l.

Equivalently,
(Coup<e|ull.
Let & > 0+, we get ({,u,) <0. Therefore, p,(—=¢)=0. This ends the proof.
Theorem 2.2. Let U, and U, be convex and x,€X such that

0<r:=T,,(x,) <. Then,

0T a(50) = N (3) NG € X rmax{py, (=), pu, (=)} =0}. 210)
Proof. Assume that { € o°T, ua- Then, forany & >0, there exists 6 >0 such that
(Cy=xp<elly=—x I+ B=rl), VyeB(x,0),(y,f)cepi(l}q)- (2.11)
It follows that (S,y—x,)<¢&lly—x,|,VyeR(r)NB(x,,J), that is,

(e NR(,)(xO) )

Since 7 =T, ,(x,) <-+o0, for 0<y<r’/4, thereexist ,,t,20, weQ, u, €U,,
u, €U, suchthat r <t +t, <r+y, w=x,+Hu, +i,u,.

Let u €U be arbitrary and A > 0. Assume that u € U,. Then, by the convexity of
U,,onehas wex,—Au+ AU, +tU, +t,U, =x,— Au+(t, + YU, +1,U,.

Thus, T, o(x,—Au)<t,+t,+A<r+y+A. For A sufficiently small, we have
x,—Au € B(x,,0) . By (2.11), one has (£ ,—Au) < &(|| —Au|| +| A+ ¥]).

Let y > 0", we get A—C,u) < Ae(||u||+1).

Divide both sides of the latter inequality by A >0 and then let & — 0", we obtain
(—=¢,u) <0. Similarly, if ueU,, we can also show that (—{,u) <0. Since ueld is

arbitrary, py(—=¢) < 0. Combining with Proposition 2.1, we have py(=¢)=0.
Conversely, let ¢ e NR (%) be such that py(-{)=0. We show that
(e éwTu,Q (x,) . Assume to the contrary that ¢ & éwTu’Q (x,) . Then, there exists « >0
and sequences {y,} € X, {f} R suchthat y, > x,, y,#xy, r.:=1,,(y,) < B and\
(&yi=xp)zally,=x |+ B -r], Vi (2.12)
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We consider two cases:

Case 1. There exists a subsequence of {y,} which we still denote by {y,} such
that 7, (y,) <7}, o(x,) forall i.In this case, y, € R(r) forall i. Since ¢ € NR(,,)(XO)
, forany £>0,

Gy =xp) <elly,— x|
for i large enough. Combining with (2.12), one gets
elyi—xlzally,—x |+ 8 -rhzally—xll
which implies « < ¢ . This is a contradiction.

Case 2. There exists a subsequence of {y,} which is still denoted by {y,} such
that 7;, ,(y,) > T, o(x,) forall i. By (2.12), r, =T, ,(y,) <+ and

1
O<ri—r<fi—r<—llglly—xl

for all i. It implies that 7, = as i — oo. Hence, we may assume that 5(7, —7) <r
for all ;. By the definition of the minimal time function, for each i, there exist tli ,t; >0,
w,€Q, u eU,, u, €U, such that
Bt =146, <21 =1, W=y, +tu +6u,.
Without loss of generality, we may assume that tf > t; . Then, for all i,
f > %(lf +1) > %ri >3(r,—r).
For each i, let 7, € (27, —2r,3r, —3r) . Then,
W, =y, 7+ = Y+l
Thus, T, (v, + ) <t; =y, +t, <21, —r —(2r, =2r) =r.
This means that y, +y.u; € R(r). Moreover,
1y, + 7, =, IS v, =, | 43(; =r)M —0  asi >,
That is, for i large enough, . +yju, €e R(r)NB(x,,5). Let £>0. Since
e NR n(X), for i sufficiently large,
(457 +7/1iui —x) <€y, +7/liui —X, |-
Since py(=¢) =0,

(Coyi=xp) Selly+ru —x, | +rd=Cou) el v, + vy —x, |
Combining with (2.12), one has

a(l y,—x, | +lr=rh<aly,=x, | +1 B-rD<elly,+ryu —x, .
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Thus,
a<e ||yi+7iu1_x0||
1y =% [[+]7 =7
<% [[43M |5 -]
1y =X |l +[7 =7
<(BM +1)e.
Letting £—>0", we have a <0. This is a contradiction. Therefore,

¢ e éwTu,Q (x,). The proofis complete.

Acknowledgment: This research was supported by Hong Duc University under grant
number DT-2020-01.

References

[11]
[12]

[13]

64

J.F. Bonnans, A. Shapiro (2000), Perturbation Analysis of Optimization Problems,
Springer, New York.

M. Bounkhel (2014), Directional Lipschitzness of minimal time functions in
Hausdorff topological vector spaces, Set-Valued Var. Anal. 22,221-245.

M. Bounkhel (2014), On subdifferentials of a minimal time function in Hausdorff
topological vector spaces, Appl. Anal. 93, 1761-1791.

G. Colombo, V. Goncharov, B. Mordukhovich (2010), Well-posedness of minimal time
problems with constant dynamics in Banach spaces, Set-Valued Var. Anal. 18, 349-372.
G. Colombo, P.R. Wolenski (2004), The subgradient formula for the minimal time
function in the case of constant dynamics in Hilbert space, J. Global Optim. 28, 269-282.
G. Colombo, P.R. Wolenski (2004), Variational analysis for a class of minimal time
functions in Hilbert spaces, J. Convex Anal. 11,335-361.

M. Durea, M. Pantiruc, R. Strugariu (2016), Minimal time function with respect to a set
of directions. Basic properties and applications, Optim. Methods Softw. 31, 535-561.

Y. He, K.F. Ng (2006), Subdifferentials of a minimum time function in Banach
spaces, J. Math. Anal. Appl. 321, 896-910.

Y. Jiang, Y. He (2009), Subdifferentials of a minimal time function in normed
spaces, J. Math. Anal. Appl. 358, 410-418.

B. Mordukhovich (2005), Variational Analysis and Generalized Differentiation I and
11, Springer, New York, Comprehensive Studies in Mathematics, vol. 330 and 331.
L.V. Nguyen, X. Qin (2020), The minimal time function associated with a collection
of sets, ESAIM Control Optim. Calc. Var. 26(93), 35.

B. Mordukhovich, N.M. Nam (2010), Limiting subgradients of minimal time
functions in Banach spaces, J. Global Optim. 46, 615-633.

B. Mordukhovich, N.M. Nam (2011), Subgradients of minimal time functions under
minimal requirements, J. Convex Anal. 18, 915-947.



Hong Duc University Journal of Science, E7, vol.12, p.(57-65), 2022

[14]
[15]
[16]

[17]

B. Mordukhovich, N.M. Nam (2011), Applications of variational analysis to a
generalized Fermat - Torricelli problem, J. Optim. Theory Appl. 148, 431-454.

B. Mordukhovich, N.M. Nam, J. Salinas (2012), Applications of variational analysis
to a generalized Heron problem, Appl. Anal. 91, 1915-1942.

N.M. Nam, N.T. An, C. Villalobos (2012), Minimal time functions and the smallest
intersecting ball problem with unbounded dynamics, J. Optim. Theory Appl. 154, 768-791.
N.M. Nam, T.A. Nguyen, R.B. Rector, J. Sun (2014), Nonsmooth algorithms and
Nesterov’s smoothing techniques for generalized Fermat-Torricelli problems, SIAM
J. Optim. 24, 1815-1839.

N.M. Nam, N. Hoang (2013), A generalized Sylvester problem and a generalized
Fermat-Torricelli problem, J. Convex Anal. 20, 669-687.

N.M. Nam, D. V. Cuong (2019), Subgradients of minimal time functions without
calmness, J. Convex Anal. 26.

N.M. Nam, C. Zalinescu (2013), Variational analysis of directional minimal time
functions and applications to location problems, Set-Valued Var. Anal. 21, 405-430.
S. Sun, Y. He (2018), Exact characterztion for subdifferentials a speccial optimal
value function, Optim Lett. 12, 519-534.

65



