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Abstract: In this paper, we provide some new fixed point theorems for mappings satisfying
Fisher - type contractive conditions in metric spaces. Some examples are also given to
illustrate our resullts.
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1. Itroduction and Preliminaries

In 1976, Fisher [1] introduced and proved several results for mappings satisfying
different contractive conditions. One of them is the following fixed point theorem.

Theorem 1.1. ([1]) If T is a continuous mapping of the compact metric space X
into itself satisfying the inequality

[a’(Tx,Ty)]2 <d(x,Tx).d(y,Tv)+cd (x,Ty)d (,Tx) (1.1)
for all distinct x,y in X, where 0<c, then T is a fixed point mapping. Futher, if

0<c <1, then the fixed point of T is unique.

In this article, we call mappings satisfying the condition (1.1) as Fisher-type
contractive mappings. It is well-known that every Banach contraction mapping is
continuous. Here, Fisher also requires the continuity of the mapping. We consider the
relationship between the continuity of mappings and the existence of fixed points, as well
as the necessity of the compactness of the underlying spaces.

First of all, we recall some definitions that will be used in this article.

Definition 1.1. A metric space (X,d) is said to be boundedly compact if every

bounded sequence in X has a convergent subsequence.
Definition 1.2. Let (X,d) be a metric space and T be a self-mapping on X . The

orbitof 7" at x € X' isdefined as: O (T) = {x,Tx,sz,T3x,...}
Definition 1.3. Let (X,d) be a metric space and T be a self-mapping on X . Then,
X is said to be T -orbitally compact if every sequence in O _(T) has a convergent

subsequence for all xe X .
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In ([2]), H. Garai et al. have shown that T -orbital compactness of a space depends
on the mapping 7' defined on it.
Definition 1.4. Let (X,d) be a metric space and 7 : X — X be a self mapping. T'

is said to be orbitally continuous at a point z in X if for any sequence {xn} cO (T) for

some x€ X,x —z as n — oo implies Ix, -7z as n — oo.
Definition 1.5. Let (X,d) be a metric space and 7:X — X be a mapping. For
x, € X the sequence {xn} defined by x, =Tx, , for n=>1 is called Picard iteration

sequence with the initial point x,,. The mapping 7 is said to be a Picard operator if it has

a unique fixed point and every Picard iteration in X converges to the fixed point.

2. Main results

Now, we are in a position to state our main results.
Theorem 2.1. Let (X,d) be a compact metric space and let T : X — X such that

[a’(Tx,Ty)]2 < d(x,Tx).d (y,Ty)+c.d (x,Ty)d(y,Tx)
forall x,ye X,x#y and 0<c<1. Then, T has a unique fixed point.
Proof. Set m=1inf{d(x,Tx):x € X},

Then, there exists a sequence (x,) < X such that limd (xn,Txn) =m,and, by the

n—0

compactness of X, there exists a subsequence (xnk) of (x,) such that X, —u eX,
Tx, »>weX as k —oo. We have d(xnk,Txn, )—)d(u,w)zm as k — oo,

If m>0 then u#w.
If Tx, = Tw for n in an infinite subset / of N, then 7x, =7w —w . So w is a fixed

point.
When [ is a finite set, we denote (x)=(x, )\ {x, :Tx, =Tw,me [}.

Assume now that Tx, #Tw Vn , we have
[af(Txn,Tw)]2 < d(xn,Txn)d(w,Tw)+cd (xn,Tw)d(w,Txn),
letting n — oo, we get
[d(w,Tw)]2 < d(u, w)d(w,Tw).
This implies that
d(w,Tw) < d(u,w) =m.
And from
[a’ (Tw,Tzw)}2 < d(w,Tw)d (TW,TZW)-I—Cd (W,Tzw)d (Tw, Tw),
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We obtain d (T w,T 2w) <d (w, T w) <m, which is a contradiction.

Thus, we must have m = 0. Therefore, u =w.
If Tx, # Tu , we have

[a’(Txn,Tu)]2 <d(xn,Txn)d(u,Tu)+cd(xn,Tu)d(u,Txn),

Taking the limit as n — oo, we obtain [d (u,Tu)J2 <0.

This implies that u =Tu , i.e., u is a fixed point of T .

Next, we check the uniqueness of u . Arguing by contradiction, let #' be another
fixed point of T', then
[d(u,u')]z = [d (Tu,Tu')]2 < d(u,Tu)d(u',Tu')+cd (u,Tu')d (u',Tu) = c[d (u,u')]2 ,
which is a contradition. The fixed point must therefore be unique. This completes the proof
of the theorem.

In Theorem 2.1, the existence of the fixed point of Fisher-type contractive mappings
without assuming the continuity of the mapping. However, at fixed point, the mapping is
still continuous at the fixed point.

Indeed, let (x,) be a sequence in X . If x, # u, we have

[d (Txn,Tu)]2 <d (xn,

d(Txn,Tu)<cd(xn,u). (2.1)

By (2.1),if x, >u as n — oo then Tx, = Tu as n — . Thus, T is continuous at

Tx,)d (u,Tu)+cd (x,,Tu)d (u,Tx, ), which implies that

the fixed point u .
Theorem 2.2. Let (X,d) be a boundedly compact metric space and T : X — X be

an orbitally continuous mapping such that
[a’(Tx,Ty)]2 < d(x,Tx)d(y,Ty) +c.d (x,Ty).d (y,Tx)
forall x,y e X with x#y and 0<c<1. Then T is a Picard operator.
Proof. Let x, € X be arbitrary but fixed and consider the iterative sequence (x,) , where
x, =T"x, foreach n € N .Ifthe sequence (x,) has two equal consecutive terms, then 7" must
have a fixed point. So, we may assume that no two consecutive terms of (x,) are equal.

We denote s, =d(x,,%,,,) Then s, >0 for cach neN. We have

2 =[d(rx,. %) |
<d(T" %0, T, )d (T, T" "' ) +ed (T" 50, T, ) d (T7x,,T"x, )
=d(T""x,,T"x, )d (T"x,.T""'x, )

=5 5

n-1"n"
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Thus s, <, ,. This shows that (s,) is astrictly decreasing sequence of positive real

numbers. Hence, it converges to some b > 0. For each n € N, we have
s, <8, <...<s, =K (say).

Thus, for all n,m, one has

£’ =[d X,,X,, )]2 =[d(T"x0,me0)}

<d(T” 1)CO,T”)CO) VA le,T'”xo)-l-cd(T” lxo,T"’xO)a’(T”HxO,T”xO)

2

(
<d(T" "%, T"x, )d (T"'x,.T"x, )
el d(T7 %y, T ) +d (T, T, ) [ (T"7'x,, T, ) +d (T, T"x, )|
=8,.18, +c (s, +1) (s, +1)
<K’ +c(K +t) .

I+
This implies that (1—c)t* —2cKt —K*(1+¢) <0, or, t =d(x,,x, ) <K “re

—-c
Therefore, (x,) isa bounded sequence in X . By the bounded compactness property
of X', (x,) must have a convergent subsequence, say (x, ), which converges to some
z € X . By the orbital continuity of T, (7, ) converges to 7z . We have
s, =d(x,,Tx, ),
S, =d(Txnk,T2xnk).
Taking the limit as k — oo, we obtain b =d(z,7z) =d(Tz,T’z).

We are going to show that b=0.
Assume that b>0. Then, z # 7z and

[d(Tz,Tzz)]2 < d(z,Tz)d(Tz,Tzz)—i-c.d (Z,Tzz).d (TZ,TZ).
Thus, d(Tz,T°z) <d(z,Tz), which is a contradiction.

So the sequence (s,) must converge to 0. For all n,m,
[d(x,.x,) ] =[d(T"%.T"x,) |
<d(T" "%y, T"x, ) d (T x,. T )+ e.d (T" 0, T"x, ) (T 0, T"x, )
<d(T""%,,T"x, )d (T""'x,.T"x, )
vl d (T %, T, ) +d (T7x,, T, ) |[ @ (77 %0, 7%, ) +d (T"x,, T, )

+
=S, .8, ,+c (S,H +d(x,,x, )) (SWl +d(x,,x, ))
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This implies that d(x,,x, ) —0, as m,n — oo.
Thus, (x,) is a Cauchy sequence. As the subsequence (x, ) of (x,) converges to

z , the limit of (x,) must be z and z=w. Assume that 7x, # 7z, we have
[d(7x,,72)] <d(x,,Tx,)d (2,T2) +cd (x,,T2)d (2,Tx, ).

Letting n — o0, we get [a’(z,Tz)]2 <0.

This implies that z=17%,i.e., z isa fixed point of 7.
Next, we check the uniqueness of z . Arguing by contradiction, assume z' is another
fixed point of 7' Then

[d(z,2)] =[d(T2,T2)] <d(z,T2)d(z'TZ) +cd(z,T2)d(z', Tz) = c[d(z,2)] .
Since 0 <c¢ <1, we obtain [d(z,z")] =0. This implies z=z".
Therefore, z is the unique fixed point of 7. Since we take x, as an arbitrary point,
for every x € X , the iterative sequence (7"x) converges to z ,i.e., T’ is a Picard operator.
Example 2.1. Let X =[1.8,00) with the usual metric d(x,y)=x—y| for all

x,y € X . Then, (X,d) is a compact metric space. We consider the mapping 7: X — X
defined by

Ex+l if 1.8<x<2,
Ix=y4 2

2 if x=>2.

Then T satisfies the Fisher -type contractive condition (1.1) with ¢ =0.99.
Proof.
Cases 1: If x,y €[1.8,00),x # y, then d(Tx,Ty) =0 and the inequality (1.1) holds.

Cases 2: If x,y€[1.8,2),x#y.Let S=x+y,P=xy. We have: S* >4P.

Then [a’(Tx,Ty)]2 :%(x—y)2 :%(S2 —4P), and

d(x,Tx)d(y,Ty) +cd(x,Ty)d(y,Tx) :(%—ix](%—iyj+c‘(x——y—l)(y—gx—%)‘

_ 1
16

= i(4—2S+P)+i\1252 —49P +25 4|
16 16

(2—x)(2—y)+%‘(4x—3y—2)(4y—3x—2)‘

Thus, d(x,Tx)d(y,Ty)+cd(x,Ty)d(y,Tx) >[d(Tx,Ty)]* which is equivalent to
(4-28+P)+c[125* —49P +25 4> 9(S* —4P), or
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c\lzs2 —49P 428 —4\ >952 _37P+2S —4 (2.2)

If 9S* —37P+25 -4 <0 then (2.2) holds.
If 9S°-37P+2S—4>0 and ¢ =0.99, we have
0.99(1252 —49P 428 —4) - (9S2 —37P+28 —4)+(2.8852 -1 1.51P—0.02S+0.04).

We have
2.885% —11.51P—0.02S +0.04 >2.88x4P —11.51P —-0.02S +0.04
=0.01P-0.025 +0.04 > 0.

Thus, 0.99(125% —49P+25 —4)>95* —37P+25—4>0.
This implies that 0.99[125 —49P+25 4| >9S5 ~37P+28 4, then (2.2) holds.
Cases 3: If xe[1.8,2),y>2,

2
3
then [d(Tx,Ty)]’ = (%—%x] and with ¢ =0.99 > e we have

d(x,Tx)d(y,Ty)+cd(x,Ty)d(y,Tx) = c(2—x)(%—%xj

3 3 3
>Z(2—X)(E—ZXJ

2

and the inequality (1.1) holds. Hence, the inequality (1.1) holds with ¢ =0.99.
Clearly, X isboundedly compactand 7 is a mapping satisfying (1.1). 7" has a fixed
point and 2 is the only fixed point of 7.

:(———XJ = [d(Tx,Ty)]z,

Theorem 2.3. Let (X,d) be a T-orbitally compact metric space, where
T:X — X is an orbitally continuous mapping such that

[a’(Tx,Ty)]2 < d(x,Tx)d(y,Ty) +cd (x,Ty).d (y,Tx)
forall x,y € X with x#y and 0<c<1. Then, T has a unique fixed point z and for
any x € X, the sequence of iterates (T ”x) converges to Z .
Proof. Let x, € X be arbitrary but fixed and consider the sequence (x, ), where
x,=T"x, foreach neN.
Since X is T -orbitally compact, the sequence (xn) has a convergent subsequence,
say (xnk ) , and let (xnk) converging to z in X . By the orbital continuity of 7', (Txnk)

converges to 7z .
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Now, proceeding as in Theorem 2.2, we can similarly prove that the sequence
(d(x,,x,,,)) converges to 0 and that the sequence (x, ) is a Cauchy sequence and hence

x, —>ze X as n— . Therefore, z is the unique fixed point of 7'.

Theorem 2.4. Let (X,d) be a complete metric space and T be a self-mapping on
X such that

1. [a’(Tx,Ty)]2 < d(x,Tx)d (y,Ty)+c.d (x,Ty).d (y,Tx) (0<c<) forall Y
in X with %7,

2. forany x € X and for any € >0, there exists 6 > 0 such that

d(Tix,T‘fx) <€+ implies d(Ti+1x,T"+lx) <e, forany i;j e NU{0}.

Then, T has a unique fixed point z and for any x € X , the sequence of iterates
(Tnx) converges to Zz .

Proof. Let x, € X be arbitrary but fixed and consider the sequence (x,),

where x, =T"x, for each neN. Let the sequence (x,) do not have two equal
forall neN.

Then, similar to Theorem 2.1, it is not difficult to check that the sequence of real

consecutive terms, 1.€., X, # X,

numbers (s, ), where s, =d (x,,x,,,) is a decreasing sequence and also this sequence is

bounded below. Thus, this sequence is convergent and let lims, =b =inf{s, ,n e N}.

n—>0

Therefore, b>0.
Assume that b > 0. Then, there exists 6 >0 and n €N such that s, <b+ 6.

This implies that d (xn, an) <b+0.
Thus, by the given condition, we have d(x,,,,x,,,)<b, ie., s5,,<b, (s,) isa
decreasing sequence, so S,., <S,,, <b . This leads to a contradiction. Thus, we must have

b=limd(x,,x,.,)=0.

n—>0

n+l

Now for any n,m € N, we have
[d(x,.x,) ] =[d(T"%.T"x,) |
<d(T" %0, T"x, )d (T" 0, T, ) +e.d (T %, T, )d (T7'x,,T"x, )
<d (T, T"x, )d (T"'x,. T"x,)
el d (T, T, ) +d (T, 7%, ) |[ @ (7" %0, 7%, ) +d (T7%0, T"x, ) |

=s .S, + c(sn_1 +d (xn,xm ))(sm_1 +d (xn,xm ))

Thus, d(x,,x,)—>0 as m,n — o
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This implies that (x,) is a Cauchy sequence and, we have, limx, =z.

n—»0

Consider Tx, # Tz, we have
[d (Txn,Tz)]2 < d(xn,Txn)d(z,Tz)—i-cd (xn,Tz)d(z,Txn),
Taking the limit as n — oo, we obtain
[d(z,Tz)]2 <0.

This implies that z=7%, i.e., z isa fixed point of T .
Next, we check the uniqueness of z . Arguing by contradiction, let z' be another
fixed point of 7', then

[d(z,2)] =[d(T2,T2)] <d(z,T2)d(z'TZ) +cd(z,T2)d(z', Tz) = c[d(z,2)] .
Since 0 <c¢ <1, we have [d(z,z')]2 =0.

This gives z==z".
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