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Abstract: This paper is concerned with the stabilization problem via state-feedback control
for a class of two-dimensional (2-D) singular Roesser systems. Based on a 2-D Lyapunov
function scheme, and by utilizing zero-type free matrix equations, sufficient conditions in the
form of linear matrix inequalities (LMIs) are first derived to guarantee the admissibility
(causality and asymptotic stability) of the closed-loop systems. Then, a stabilizing state-
feedback controller (SFC) can be implemented using tractable LMIs conditions.
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1. Introduction

Two-dimensional (2-D) systems are widely used to describe dynamics of various
practical models in control engineering. Typical applications of 2-D systems theory can
be found in, for example, image processing, geographical data processing, electricity
transmission, gas absorption, water stream heating or air drying [5-8]. Thus, the study of
2-D systems, both in theory and application design, has attracted considerable attention
from researchers during the past few decades. We refer the reader to [10, 12, 13] just for
a few references. In particular, there have been a few results concerning stability and
stabilization of 2-D systems.

For example, in [11], the stability of 2-D Roesser systems with time-varying delays

have been studied. In [12], the authors investigated the problem of H. stabilization of 2-
D switch systems. The authors of [22] addressed the energy-to-peak stability of 2-D time-
delay Roesser systems with multiplicative stochastic noises.

On the other hand, singular systems (also known as algebraic or descriptor
systems) are widely used to describe dynamics of various practical phenomena such as
electrical circuit networks, power systems, multibody mechanics, aerospace engineering,
and chemical and physical processes [1-4]. In the past few decades, considerable effort
from researchers has been devoted to the study of stability analysis and control of
singular systems and many results have been reported in the literature. To mention a few,
we refer the reader to [14, 15, 17] for the problem of stability analysis and [16, 18, 19] for
some other control issues related to singular delayed systems. However, to the best of the
author knowledge, the problemof stability for 2-D systems has not been fully investigated
to date. This motivates the present study.
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A

Notation: IR ™™ denotes the set of nxm real matrices and diag(A,B) = A O

A
for two matrices A, B of appropriate dimensions. Sym(A)=A+ AT for AeR™™ A
matrix M eRnxm is semi-positive definite, M >0 if xT Mx >0, Vxe R™M- M is

positive definite, M >0, if X' Mx>0, vxeR™™ x£0

2. Preliminaries
Consider a class of 2-D singular systems described by the following Roesser model
. . 1)
xMG+1 0| _ <" )
XG0+ XG0

h,. . M Vo n :
where x (i, j)eR "and x (i, j) e R n=n, +n, arethe horizontal and the

E —A +Bu(i,j), i,jez™,

vertical state vectors, respectively; u(i,j)e]Rm is the control input. Ac RPN

h

BeR™M are given real matrices of appropriate dimensions and E =diag E ,EV

Ny xn
ER™  where ENer N N EVerR™NV  ang rank(EM) = < Nps

rank(E") = Ry <ny with r=n, +§ <n.

Initial condition of system (1) is specifed as

MO D=x (D o<i<T, K00 =x)@)0<i<T, @2
h,~ . . V,. .
x (0,]))=0,V] >T., X (1,0)=0,Vi>T,,
0, 1) ] (1,0) ) (2b)
+
where LT,eZ are positive integers.
An SFC to stabilize system (1) will be designed in the form
(©)
h .
. X,
uitj =K
VvV .
X0,
Then, by incorporating the controller (3), the closed-loop system is obtained as
h,. .. h, . (4)
£ xv(|+1, D|_ A+ BK XV(I,j) .
x" (i, j+1) x" (i, j)

Let us introduce the following definitions.
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Definition 1 ([10]). The pair of matrice E,A .is said to be regular if the two

parameter polynomial det E(z,s)—A is not identically zero, and is causal if

deg det E(z,s)—A =rank E ,where E z,s =diag zEy,sE, .
Definition 2 ([10]). The unforced system of (2) (i.e. u=0) is said to be regular
and causal if the pair E,A isregular and causal.

Definition 3 ([10]). The closed-loop system (4) is said to be internally stable if for
any initial condition (2) it holds that

lim sup
q—00

h,. .
XV(I']) i+ j=qr=0

x 1,j
Definition 4 ([10]). The 2-D singular system (4) is said to be admissible if it is

regular, causal and internally stable.
Remak 1. Since rank(E) =r <n. There exist nonsingular matrices M, N such that

X 1.0 (5)
E=MEN=|T
00
Let
(6)
. A, A
A=M A+BK N=| 11712
Ayq 4App

Using the decompositions (5) and (6), we obtain the following auxiliary result.

Lemma 1 ([10]). System (1) is regular and causal if the matrix 2122 in the
decomposition given in (6) is nonsingular.

Lemma 2. For any matrices W, ,W,, of appropriate dimensions and a symmetric

positive definite matrix Q the following inequality holds

T T T T —1

3. Main results

In this section, we first analyze the regularity, causality and stability of closed-loop
system (4). Then,an SFC u i,j = Kx i, design is addressed.
Theorem 1. The closed-loop 2-D singular system (4) is admissible if there exist

symmetric positive definite matrix P:diag(Ph,Pv) and a matrix X of appropriate
dimension by which the following LMI holds
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T T T T T (7)
~E'PE+X L A +AcLX A P|_,

* —P

TJ_

where A.=A+BK and L= E is the null space matrix ET that is,

ETL:0 and rank L =n—r.

Proof. Firstly, we prove the closed-loop system (4) is regular and causal. Indeed,
from (7), we have
(8)
ETpE+xTi A, + Al Lx<0

By pre- and post-multiplying both sides of (8) with NT and N, we obtain
(9)
—NTETMT M_TPM_1 MEN

N XTI tman N AT T  Lxn <o

We decompose the following matrices
5 .

11 B

Py Pyl

T 1 (10)
P=M "PM ~ =

R=xN=[%; ).

. L
L=p T 11

Lyq

It follows from rank L =n—rand ETL =0 that

ETL NTETMTM TL ETL 0,

which leads to in:O. Therefore, we can parameterize the matrix L as

0
L= MT
L1
Combining (5), (6) and (10), from (9), we have
I1 I (11)
ETpE+ XTITALAT X =| 12 <0,

T T
* X12'-21’*22”*22'—21 12
The LMI (11) also implies that
S
X]:I-2L21A22 + A;Z L21X12 < O’
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which ensures AZZ is a nonsingular matrix. By Lemma 1, system (4) is regular and

causal.
In the following, we will show that the closed-loop system (4) is internally stable.

For this, we construct a 2-D Lyapunov function in the form
v, ) =x" 6 DENTPMENN G, 5y +x'T 6 HEVTPYEYXY (1 j). 12

Vi, j) V(i j)

h - - v/ -
First, the differences of Vi, J), (A U¥)) along trajectories of system (4) is given
by
VIGI+1 D-V"G, ) =x"(+1 HE"P'E"X"(i +1, j) (13)
_XhT (l, j)EhT PhEhXh(i, J):
VY, j+)-VY(G, ) =x"(, j+DETPE'X'(i, j +1)

14
_XVT (l, j)EVT PVEVXV(i, J) ( )
For the brevity, we denote the following augmented vectors
. x"(i, ) - X"(i+1, j)
X(I,J){ v o xR = N
X1, J) (1, J+1) Then, from (4), we have
(15)
T +1 HEMTPPEN G +1 jy+xVT G, j+DEVT PYEYXY (i, j+1)
=x1 (i, j)ET PEX, (i, j)
T AT -
=x (i, ))Ac PAcx(i, j)
and
X" (i, DETPE"X"(, j)+x7 (i, DEP'E'X(i, j) (16)
=x"(i, ))E"PEX(i, j).
On the other hand, since "K(L)=N=T 314 ETL=0 for any matrices X of

appropriate dimension, the following zero-equation holds

2x(i, HXTLEX, (i, j) = 2x(i, j)X "L (A+BK)x(i, j) =0. 17)
From (15) to (17) we obtain
VIGAL VG ) - (VG D) VG ) (18)

=X (i, )(~<ETPE+ XTL' A, + ATLX + ATPA )X(i, j).
By the Schur complement lemma supply a reference for this lemma, it follows
from (7) that
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—E"PE+XTL"A +ATLX + ATPA <O0.

Thus, there exists a positive number Ay such that
VIGi+L )4V i+ - (VI D) AV D)) <A xG 2 Rjez. (19

For any positive integer 9 let E(q)= ~ 2. V(i j)denote the energy of the
(i,))el'(q)
functional  V(i,j) given in (12) stored along the diagonal line

(@) ={0,1):1+7=0120,20} }t can pe deduced from (19) that
D SRV (%) D SENVAL () FAVAY ()
(l,J)eF(q+l) (l,j)eF(q+1)
Vvlgg+vheq+-+vg+Ly
+VvV(a,0)+vV(g-12)++VvV(0,q+1)
<o, +vNaq+-+vN(g

V(@0 VY @-10+ vV 0q-4 T ki)
(L1)el(a)

-3 VGG -4 Ix. )|

. 0. .2
(|,J)eF(q) (|,j)el“(q)
Therefore,

E(g+1) < E(q)—/lo(i j)zl"(q)i x(, j)T'z- - (20)

It can be verified from (20) that E(q) is a nonnegative decreasing sequence.
E(x0) =limE(q)
This shows that there exists finite limit 4= . In addition to this

Y4 T Pr2<E(q)-E(q+1) — E(0) ~ E() =0

as 9% which shows that system (4) is internally stable. The proof is

completed.
The stabilization conditions of system (1) are presented in the following theorem.
Theorem 2. The closed-loop system (4)} is admissible if there exist a symmetric

R H h \%
positive definite matrix P =diag(P", P ), an invertible matrix X and any matrix "V
of appropriate dimension, such that the following LMI holds

P+Sym{EX+LTAX+LTBW} XTAT +W'BT 0 (21)
* —p

where
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L
L= (ET ) and Sym{.} denotes the symmetric operator, that is,
Sy {M}=M + MT =T. A desired SFC gain is obtained as K = WX_l.

R h v
Proof. According to Theorem 1, we choose X =diag(X", X") as an invertible

: -T p-1
matrix. By pre- and post-multiplying both sides of (7) with diag{X P} and its
transpose, respectively, we obtain

_xTgl PEX_1+Sym{LT (A+ BK)X_l} X T (A+BK)T (22)
X _P—l <0.
In addition, by utilizing the matrix inequality given in Lemma 2, we have
X TETPEX 1<x TEN +Ex14p L (23)

Now, we let X' = X_l,Pz p~Land W= kx 1, Combining (23) to (22), we get
the LMI condition (21). In addition, the controller gain can be obtained as

K=wx1
The proof is completed.
4. Numerical example
Example 1:
Consider system (1) with the following parameters:
100 -014 05 112 0.01
E=0 1 0|,A=| 12 013 0.01 |, B=| 0.01 |.
0 00O -0.02 -0.15 -0.15 —-0.02
-0.2 -048

It is easy to verify that A22 :[ } is a nonsingular matrix, which

0.0125 0.22

proves that system (1) is regular and causal.
According to Theorem 2 and by using the Matlab LMI Toolbox, we find the
matrices follows

49.2983 0 0 —61.3825  3.3493 —42.5257
P= 0 128.4781 2.1011 [, X =| 0.3009 —-109.9202 223.4964 |.
0 2.1011 88.6602 —11.0355 45.0401 -118.7774

W =[165.4 484.9 1511.3]

and the following controller gain can be obtained
K =[17.7516 -51.0423 -115.1230].

Which shows that the 2-D singular system is admissible.
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5. Conclusion

This paper has dealt with the stabilization problem via state-feedback control of 2-

D singular Roesser systems. Sufficient stability conditions in terms of LMIs have been
derived based on a 2-D Lyapunov function scheme and utilizing zero-type free matrix
equations. On the basis of the analysis result, a stabilizing SFC can be implemented using
derived tractable LMIs conditions.
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