TAP CHI KHOA HQC TRUONG PAI HQC HONG DUC - SO 51.2020

VANH VOI CAC PIEU KIEN CUA LINH HOA TU TRAI MIN
Hoang Pinh Hai', Vii Thj Nhi’, Nguyén Thi Hwong’
TOM TAT

Viéc nghién ciru cdc déic trung vanh thong qua cin Jacobson goi dan cdc nghién
citu méi vé linh héa tir trdi min va cde ung dung cua no. Linh hoa tw trai min cua mot
vanh da dwoc W.K. Nicholson, Yigiang Zhou trinh bay trong [3]. Mot Idéan phdi A cua
vanh R duoc goi la min néu véi moi Idéan phai Bcua Rma A+ B=RthiB=R; A
dege goi 1 linh héa tir trdi min néu 1(B) = 0 (I(B) la linh héa tir trdi cia B). Muc dich
cia bai bdo la nghién ciru vé linh héa tir trdi min ma W.K. Nicholson, Yigiang Zhou da
diea ra tir d6 khai thiac mét s6 déc trung vanh, chang han 16p vanh Ikeda - Nakayama,
I6p vanh Artin, 16p vanh 1 - chinh quy manh véi cdc diéu kién linh héa ti trdi min.

Tw khéa: Idéan phai min, linh hoa tw, cdn Jacobson.

1. PAT VAN BE

Trong bai bao, R 14 vanh bén phai, két hop, c6 don vi 1 # 0. Tap con / cia
vanh R duoc goi 1 Idéan phai néu IR =1, va goi 1a Idéan trai néu RI = I. Néu I
vira 1 Idéan phai vira 1a Idéan trai thi goi 1a Idéan cua vanh R, khi d6 ta viét I < R.
Ta néi Idéan I 1a cbt yéu trong R va ki hiéu 1a I <* R néu I ¢6 giao khac khong véi
moi Idéan khac khong cua R. Ching ta ki hiéu can Jacobson cia R 1aJ(R) =J; va
S, .S, Z,, Z, lan luot ki hiéu cho dé bén phai, dé bén trai, Idéan ki di phai, Idéan ki
dj trai ciia R. Linh hoa tt trai cua Idéan 113 (1) = {r € R| rx = 0, Vx € I}. Tanhéc
lai réng mot Idéan phai A cua vanh R duogc goi la min néu véi moi Idéan phai B cua
Rma A+ B =RthiB=R vatakihiéula A <® R.Phan tir v € R duoc goi 1a liy
linh (twa ldy linh) néu t6n tain € N sao cho r™ = 0 (r™ = r™*,vi > 0). R la vanh
- chinh quy manh néu v&i moi r € R ddy chuyén rR 2 r?R 2 r3R 2 --- déu diung,
diéu nay tuong duong v6i day chuyén Rr 2 Rr? 2 Rr3 2 - déu dimg, kéo theo moi
vanh hoan chinh bén trai hay bén phai déu 1a vanh m —chinh quy manh.

2. KET QUA NGHIEN CcUU
2.1. Linh héa tir va linh héa tir trai min

Pinh nghia 1. Cho R la mdt vanh, M la mot R - modun trai, S 1a mdt tap con
nao do6 cia M. Linh hoéa ti cia S trong R dugc dinh nghia la tap hop
Anng(S) ={r e R | rx =0, v6i moi x € S}

" Trung tam Gido duc Quéc té, Trirong Dai hoc Hong Dirc
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B6 d@é 1. Linh hoa tir ciia S trong R 13 mot Idéan cua R.

Chitng minh: That vay,

Véimoir,s € Anng(S)vax € S,(r+ s)x =rx + sx0.Doddor + s € Anng(S).

V6imoir ER,s € Anng(S),x €S, (rs)x =r(sx) =r.0=0.

Diéu d6 ching t6 rs € Anng(S).

Véimoir € R,s € Anng(S), x € S, (sr)x = s(rx) = 0. Chirng to sr € Anng(S).

Vay Anng(S) la mot Idéan cta R.

B6 dé 2. Cho R 1a mdt mién nguyén va M 1a mot R - modun x0dan trai hitu han
sinh. Khi d6 moédun M c¢6 mét linh hoa tir khac khong.

Chitng minh: Theo gia thiét M 13 mét R - modun hiru han sinh nén tOn tai tap
sinh hitu han A: = {a4,a,,...,a,} € M sao cho M = RA. Do M la mdt R - mbédun
x04n trai nén véi mdi a; € A € M, ton tai phan tir khic khong 7; € R sao cho 1;a,=0.
Chung ta sé& ching minh phan t& khac khong r € R v6i r: = ny15 ....7;, thoa man
rx =0 véi moix € M. Véi mdix €M, x = sya; + S,a, ++ + S,a,,a; €A,5; €ER
. Do R 13 m6t mién nguyén, va r;a;=0, ta co:

rX =11y . Tp(S104 + 520, + - + sa,)

=1y .. 1851 (ray) + 11y ....rnsz(rzaz)) + o+ 1y s (ma,) = 0.

Nhan xét 1. B6 dé 2 khong con dung khi bo di gia thiét hitu han sinh d6i véi mé dun M.

Chitng minh: Ta ¢ R = Z — vanh céc sé nguyén, 1a mot mién nguyén. Xét
Z - mddun M = @2 ,7Z/2'7. Vi mdi a € M,

a=(a, +%Z/27,a, +7/2%7, ..., a;, +Z/2%Z,0,0, ...), trong d6 a,, a,, ... ,a, € Z.

Diéu d6 suy ra 2¥a = 0 va do d6 M 14 R - modun xoan tréi.

Bay gio gia sir ring r € Anng (M). Chon sé nguyén k sao cho r < 2¥. Xét phan
tta=(00,..,1+ Z/ZkZ, 0,0,...) trong M, c6 duy nhit thanh ph'?ln tha k£ khac 0.
r € Anng(M) nén ra = (0,0, ...,r + Z/2¥7,0,0,...) = 0 do r < 2. Do d6 doi hoi
r = 0. Vay Anng(M) = 0.

Pinh nghia 2. Cho vanh R véi don vi 1. Mot phan tir m cia R - moédun M duoc
g0i 14 phan tr xoén néu rm = 0 véi r # 0 ndao d6 thudc R. Tap hop cac phan tir xon
cia M kihi¢ulaTor(M) ={m € M |rm = 0,véi 0 # r nao do cda R}.

Nhan xét 2. Cho vanh R vdi don vi 1 va R - modun M, I 1a mét Id€an cua R.
Goi M’ 1a tip con céc phan tir a ciia M sao cho chiing bi triét tidu boi lily thira I* nio
d6 ciia I, bac liy thira k tuy thudc phan tir a. Khi d6 M’ 13 mét modun con cua M.

Chitng minh: That vay, dit N;={m € M |sm = 0,véimoi s € I'},N; chira
cac phan tir cia M bi triét tiéu boi ldy thira [%.

Ta ¢6 cac nhan dinh sau:

1) Moi tap con N; 1a mot mddun con cua M

2) Ta c6 ddy chuyén ting N;cN,C -, va

3) M= U2, N,
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Ta lan luot ching minh cho tung nhan dinh trén.

1) Choa,b € N;var € R. V6i moi s € I*, ta ¢ s(a + b) = sa + sb = 0 bai
via,b € N bi triét tiéu boi ity thira I'. Hon nita sra = (sr)a = 0 do sr € I' boi I
1a mot Idéan. Vi thé, mdi tap con N; 1a mdt mdédun con cua M.

2) Ta d¢ y rang I'*1 = ! x IcI'. Do d6 N;CN,,, véi moi i, nghia 1a c¢6 day
chuyén ting N;cN,c -,

3) Do hop céc modun con thudc day chuyén tang ciia M 13 mot modun con cia
M. T d6 suy ra diéu phai ching minh.

Pinh nghia 3. M6t Idéan phai A ctia vanh R dugc goi la mot linh hoa tir trai min
ctia vanh R néu véi moi Idéan phai B cia R ma A + B = R thi [(B) = 0 va ta ki hiéu
A las R.

Béng cach tuong tu, ta n61i mdt Id€an phai A 1a mét /inh hoa tw phai min cua
vanh R néu trong dinh nghia trén I[(B) = 0 duoc thay biang r(B) = {r € R| xr = 0,
Vx €1} =0 vakihiéula A <% R.

Néu Idéan A vira 1a linh héa tt trdi min vira 13 linh hoa ti phai min ctua R thi ta
noi A la linh héa tir min cua R, ki hiéu A <% R.

Nhén xét 3. Mdi Idéan phai min 13 linh héa tir trai min

Chung minh: Gia st, Id€an phai A cua vanh R 1a min thi véi moi Idéan phai B
claRmaA+B=RtacoB =R.Dol(R) =0 nén A lalinh hda tr trai min cua R.

Vi du 1. Trong vanh ) nguyén Z, véi moi m € Z, mZ < 7.

Vi du 2. Trong vanh thuong % = Z,,, moi Idéan cua Z,,déu c6 dang Z,, véi n\m.

Vi du 3. Trong vanh s6 nguyén Z, thi 2Z <° Z.

That vay , gid st <Zva2Z+1=7Z.Dol1€&2Znénl1€l. Nhungdo!l < Z
nén | = Z, vay 2Z <° Z.

Nhin xét 4. Diéu nguoc lai ciia nhan xét 3 1a khong dung.

Chitng minh: That vay, ta xét phan vi du sau:

Vi dy 4. Cho vanh R = |5 ] trong d6 7 12 mét trutmg. 1aéan & = [F 0] 1a

: 0 F 0 O
linh hoa t& trai min nhung khong 1a Id€éan min cua R. That vay, giasde K+ 1 =R. [
phai chira Idéan N = [8 ?] ¢6 linh hoa tir trai L(N) = 0 do d6 L(I) = 0. Véy Idéan
_[F O

0 0
N # R, chung t6 K khong la Idéan min cua R.

Vidu 5. Vanh R 1a Id€an phai cia chinh n6, nhung khong 1a linh héa tir trai min.

That vay, R + 0 = R trong khi [(0) = R ching to R khdng 1a linh hoa ti trai min.

Vi du 6. Khi R 13 mot mién nguyén thi R khong cé ude cua 0, do d6 moi Idéan
phai cia R déu 1a linh héa tr tri min.

K ] 1a linh héa tir trdi min. Tuy nhién tir dang thic K + N = R, trong khi
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Mot cau héi tu nhién dat ra la téng cua hai linh héa tit tradi min ¢é 1a linh hoa tr
trai min khong?

Trude khi tim cu tra 101 cho ciu hoi nay, ching ta xem xét ménh dé sau:

Ménh dé 1. Cho 4, B 14 cac Idéan phai ctia vanh R sao cho A < R, B <!# R,
Théthi A+ B = B + A <! R,

Chirng minh

That vdy, A<® Rnén (A+B)+X = Rthi B+X = R. Do B <5 R nén
1(X) = 0. Pang thirc nay chingtdo A+ B = B + A <! R.

Do I(R) = 0 nén moi Idéan phai min cta R déu 1a linh héa tir tréi min. Tir do
Ménh d& 1 nhu 13 mot truong hop riéng cia gia thiét: “tdng cia hai linh héa tir trai
min 14 linh hoa tir trai min”.

Ta biét ring can Jacobson J(R) = J cua R 13 tong cua cac Idéan phai min cua
vanh R, nén Nhan xét 3 chung ta c6 két qua sau:

Ménh dé 2. Can Jacobson J(R) = J ciia vanh R 13 mét linh hoa it trai min.

Vi du 7. XétZ; = Z,(R) = {z € R|i(z) <* R}. Ta dé& thay rang Z;(R) la linh
hoa tir trdi min cua R va con dugc goi 1a Id€an trai ki di ciia R.

Ménh dé 3 [3, Proposition 2]. Cho K la mot linh héa tu trdi min cua vanh R,
khidé: K +] + Z, <! R,

Chirng minh

Gia st K+J+Z,+X=R.DoJminnénK+Z,+X=R. Tontaik €K,z €
Z,x €Xsao chok+ z+ x =1. Do K <% Rnénl(Z, +X) = 0. Diéu nay din dén
0 =1(zR + X) = I(z) N I(X). Do z € Z, 1a phan tr ki di trai ctia R nén [(z) cdt yéu trong
R. Vi thé dang thtrc 1(z) N 1(X) = 0 kéo theo I(X) = 0, chimg t0 K + ] + Z; <% R.

Ménh @& 4. Néu linh héa tir trdi cua Idéan phai T 1a cbt yéu trong R thi
rl(T) <% R.

Chitng minh

Gia su rl(T) + X = R trong d6 X la Id€an phai nao d6 cia R.Ta c6 0 =
l(rl(T)) NIX) = 1(T)N1(X). Do I(T) cbt yéu trong R nén I(X) = 0 ching to
rl(T) <@ R.

Nhin xét 5. D& dang thdy rang linh héa tir trdi min c6 tinh chat di truyén, nghia
1a néu A< Bva B <% Rthi A <% R.

Tl Ménh dé 4 va Nhan xét 3 ta c6:

Hé qua 1. Néu [(T) cbt yéu trong R thi Idéan phai T s& 13 linh hoa tG trai min
cua vanh R.

Tim hiéu chidu nguoc lai ciia Ménh dé 4 ta thay rang, néu rl(T) <'*S R va
r(I(T) NRy) = r(I(T)) + r(b) véi moi Idéan phai T cua R, b € R thi [(T) <" R.
Thit vay, véi moi 0# b €R ma (T)NR, =0 thi r(I(T))+r(b)=R. Do
rl(T) <! Rnén l(r(b)) = 0. Lai c¢6 R, < I(r(b)), do d6 b = 0. Mau thuin nay
chimg t6 I(T) N R, # 0 hay [(T) <* R.
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Mot cau hoéi tu nhién dat ra la tim déc trung cua linh hoa tr trai min kR, ta cé
cac diéu kién twong dwong sau di duge trinh bay trong [3].

Ménh @@ 5: Cho k € R thi kR <'@S R khi va chi khi mdt trong cac diéu kién
sau xay ra:

1)Véimoi 0 # b € R thi bkR < bR.

2) V6imoir € Rtacod [(1—kr) =0.

3) VGimoir € Rtacd I(1—rk) = 0.

4)Véimoir € Rtacd I(k — krk) = I(k).

Chitng minh: Chung ta chimg minh theo luoc d6 sau:

kR <% R = 1) = 2) = 3) = 4) = kR <'% R,

kR <% R = 1)

V6i0# b € Rtacd b & bkR. Thit viy, néu b € bkR thi b = bkr,r € R.

Piéu dé suyra b(1—kr) = 0, hay b € I(1 — kr).

Do kR <'*S Rva kR + (1 —kr)R =R nénl(1—kr) = 0.

Dodd b=0.Vay0 # b € R thi b € bkR vado dé bkR C bR.

1) =2)

That vay, lay batki b € I(1 — kr) véimoir € R.

Thé thi b(1 —kr) = 0 hay b = bkr € bkR véimoir € R.

Do 1) b = bkr € bkR chi xayrakhi b = 0.

2) = 3)

Véimoir € R lay batki b € (1 — rk). Thé thi, b(1 — rk) = 0.

Tacob =brk = br(1—kr) =b(r —rkr) = b(1 —rk)r =0.

Do 2)tacod br =0vadodo b = brk =0.

Piéu nay chimg t6 (1 —rl) = 0,Vr € R.

3) =4)

Néu b(k — krk) = 0 thi bk(1 —rk) = 0.

Do3)tacd bk =0 = b € (k).

4) = kR <'%¢ R

Gia sur X la Idéan phai sao cho kR + X = R.

Tacé1l=kr+x,r €R,x €X.Néub € [(X) thi bx = 0.

Diéu nay kéo theo b = bkr = b(k — krk) = b(1 — kr)k = bxk = 0.

Do4),taco b € l(k),bk = 0= b = 0. Nhu vay [(X) = 0.

2.2. Vanh véi diéu kién linh héa tir trai min

B6 dé 3. V&imoir, k € R, ta c6 cidc ménh dé sau
1) L(k)®L(1 —kr) = 1(k — krk).
2) I(1—kr)=I1(1—-rk).
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Chirng minh
1) Véimoi b € (k) = bk =0 = bk — bkrk =0
= b(k—krk) =0 = b € l(k — krk)

Connéub el(l—kr) = b(1l—kr)=0,dodd

b—bkr =0 = bk —bkrk =0 = b(k —krk) =0 = b € l(k — krk).

Vithé, néu b € L(k)®I(1 — kr) thi b € I(k — krk).

Nguoc lai, voi bat ki b € I(k — krk), néu bk = 0 thi b € 1(k).

Néu bk # 0, thi tit b(k — krk) = 0tacé b(1 — kr)k = 0.

Diéu nay xay ra véi moi k € R nén b(1 — kr) = 0.

Conghiala b € (1 — kr). Nhu vay, néu b € I(k — krk) thi b € [(k)®I(1 — kr).

2) Tacd Lk —krk) = l(k(1 —1k)) = L(k)®L(1 — rk) = [(1 — kr)k) =

=11 —-kr)®l(k) = Il(k)DL(A — kr).

Suy ra diéu phai chimg minh.

Pinh nghia 4. Phan t& r € R duoc goi 1a min phdi (trdi) néu Idéan rR (twong
ung Rr) la linh héa tir trai min. Phan tir vira min phai vira min trai thi goi la phdn twe min.

Nhin xét 6. Phan tir kha nghich thi khong min.

Chirng minh

That vay, gia st r € R la kha nghich phai. Ton tair’ € Rsao chorr’ = 1. Do
d61—7rr'"=0,nén [(1—7rr") =R. Tudo suy ra, rR khong la linh hoa tir trai min.

Nhin xét 7. Néu R 13 mién nguyén thi phan ti € R 1a min phai néu va chi néu
TR # R (con co nghia la r khong kha nghich phai).

Churng minh

That vay, néu phan ti r € R 1a min phai thi rR <'® R.

Diéu ndy chimg t6 véi moi ' € Rtacé I(1 —rr’) = 0.

Suyra,1—rr'#0 = ' #+1 = rR#R.

Nguoc lai, néu rR # R thi rr’ # 1 v&i moir’ € R.

Diéu nay ching t6 1 — rr’ # 0 véi moi v’ € R.

Do R 14 mién nguyén nén (1 —7rr") = 0 véimoir’ € R.

Nhu vdy rR <! R hay phén tt 7 € R 12 min phai.

Ménh dé 6. Cho R 13 vanh Artin, k 12 phan t& min phai sao cho:

V6éimoi 0 # b € R ma bR D bkR thi k 1a tya iy linh.

Churng minh

Thét vay, gia st k khong tua liy linh ta s& chimg minh day chuyén

kR 5 k?R 5 k3R > --- 1a giam thyec su.

Do k khéng tua ity linh nén khong ton tai n € N sao cho k™ = k™, vi > 1.

Do bR D bkR v6imoi 0 # b € Rnén R D kR.

Gia st bat dang thic k'R D k'*'R dung v6i i = n, nghia 1a k"R 2 k™'R.

Ta chitng t6 k™R D k™*2R. Do k khong tya lily linh nén k™*1 = 0.
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Bit dang thitc bR D bkR ding v6i = k™1 # 0 .

Diédu nay dan dénk™*'R o k™*2R.

Bing qui nap ching ta nhan dugc ddy chuyén giam thuc su kR > k?R 2 k3R o ---

Pidu nay mau thuin véi gia thiét R 13 vanh Artin.

Gia thiét phan ching sai chimg t6 k 1a tya ldy linh.

T Ménh dé 6, chiing ta thiy rang néu R 1a vanh ¢ phan to k min phai khong
tua liiy linh théa mén bat dang thirc bR D bkR v6i moi 0 # b € R thi R khong phai
1a vanh Artin. Dong nghia vdi R khong c6 Idéan téi tiéu.

Goi tap hop céc phan tir min trai ciia vanh R 14 K; = {r € R|rR <% R}.

Ta c¢6 mbi quan hé véi Idéan tréi ki di Z, = Z;(R) = {z € R|l(2) <* R} va cin
Jacobson [ nhusau: Z;, €S K,vaJcl

Mot diém luu y 1a K; khong déng ddi véi phép todn cong. Vi du trong R = Z,
—2 va 3 thudc K, trong khi 1 € K;.

Ngoai ra K; bi chua trong tap hop cac phan tir khong kha nghich (Nhan xét 4).
Nhu 13 hé qua cua Ménh d¢ 5, ta co:

Hé qua 2. Néur € K; thirR € K, va Rr € K,.

Tt hé qua nay ta ndi [ 1a miza Idéan cua R. Trong trudng hop téng quat thi nia
Idéan khong khép kin véi phép todn cong va dé 1a 1i do nd dugce goi 1a nira Idéan.
Truong hop ntra Id€an khép kin véi phép toan cong thi no trd thanh Idéan.

Hé qua 3. 0 13 phan tir lity ddng duy nhét cia K;.

Churng minh

That vay, néu k 1 phan tr lily dang cua K; va k # 0 thi theo Ménh dé 6,

day chuyén kR D k?R D k3R > --- 1a giam thuc su.

Piéu ndy méu thuin véi k = k?,

chtmg t6 0 1a phan tir liy ding duy nhat cia K,

Ménh dé 7. Cac diéu kién sau déy la twong duong d6i voi Idéan I cia vanh R:

1’ I las R

2,1 €K

3,l(1—k)=0,Vk el

Chitng minh: (1 = 2) Khi I <'* R thi moi phan tir ciia I 13 phan tir coa K;.

(2=3),Vkel=k€K,. Dodol(1—kr)=0,vreR. Tacol(1—-k)=0.

B3=1).Vkelthil(1-k)=0

GiastI+X=R,tac6l=k+xvoikel,xeX. Tacol(x) =1(1—-k) =0.
Diéu nay chung t6 [(X) = 0 hay I <25 R,

M¢énh dé 8. Trong vanh = —chinh qui manh R thi K; = J 1a Iy linh.

Chirng minh: Tt Ménh dé 7, dé dang suy ra J € K;.

Gia sur € K, khong liy linh. 7™ # 0 véi moin . Ap dung Ménh dé 6, chung ta c6
™R 2 ™ 1R. B&i vy rR D r?R D ---. Pidu ndy mau thuin véi gia thiét. Do vy, moi
phén tir cia K; 1a lity linh. Tir Hé qua 2, ta c6 77’ 1a lily linh véimoir’' € R vado d6 K; = J.
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Ta dinh nghia AS Idéan trdi ciia vanh R 13 tong c4c linh hoa tir trai min cua vanh R
va ki hidu 12 A; = 4,(R) = X{K|K <" R}. Tuong ty AS Idéan phai clia vanh R la
téng cac linh hoa tur phai min ciia vanh R va ki hiéula 4, = A, (R) = Y{K|K <" R}.

RS rang rang véi moi vanh R thi K; € A, nhung diéu nguoc lai thi khong ding,
chiang han R = Z.

Pinh ly 1. Trong vanh R ching ta co:

1, A; 1a mdt Idéan hai phia chtra moi linh héa ttr min trai.

2,A; ={ky +ky+ . +k,|k; €K,Vi,n=1}

3,A; = K;R = RK,.

4,] € A;vaZ, C A,

Chung minh

2,Pat X ={ky + k, + -+ k,|k; € K;,Vi,n = 1}. Tachimg minh 4; = X.

Liyx €A, x EK + Ky + -+ K, v6i K; <'% R,i =1,2,..,n.

Tacox = ky+ky,+--+k,, ki €K, Vi=12,...,n.

Hon nita k; R € K;. Boi vy, k; R <% R.

Piéu ndy ching to k; € K;, suy rarang 4; € X.

Nguoc lai, iy k € K, thitacé kR <'*° R.

Boi thé k € A;. Pidudbé suyra X C A,.

1, RO rang A; 1a mot Idéan phai. Ngoai ra do 2, da dugce chiing minh ¢ trén va hé
qua 2, no6 la mot Idéan trai.

3, Suy ra tir 1,2 va bat dang thic K; € A, .

4, Pidu nay suy ra tir B dé 3.

Dé 16t ta rd hon quan hé gilta A, va A; chung ta ¢6 nhan xét sau ddy:

Nhén xét 8.

1, C6 thé xay ra cac quan hé A, € A, hay 4; & A,-.

2, A,(Z) = 7 va do d6 Idéan phai A4, c6 thé khong min.

3, Téng ctia hai Idéan min c6 thé khong min.

Ménh dé 9. Cho R 1a vanh Ikeda-Nakayama.

Néu ri(T) <'* R thil(T) <* Rv6éimoiT < R.

Churng minh

Goi K< R sao cho NI(T) =0. Do R la vanh Ikeda-Nakayama nén ta co
R=7(KnUT))=r(K)+rlT).

Tur gia thiét 71(T) <'%5 R tacé I(r(K)) = 0.

Diéu nay chimg t6 K = 0, nghia 13 I(T) <* R.

Bai toan: Tinh A,. va A; trong vanh R

Di nhién tmg v&i mdi dic trung cia R cho ta cac hudng tinh toan A, va A,
khac nhau. Do d6 céu tric clia A, va A4; s¢ giup ta nhin nhan, phan loai vanh theo
cach riéng cua no.
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O day, chung ta tinh toan trong mot ) truong hop cu thé, doc gia tur do co mot
cach nhin cua riéng minh.

Truong hop 1: Vanh R = Z.

Trude hét, Z 1a vanh giao hoan nén ta cé nhan xét A,.(Z) = A,(Z).

Moi Idéan I ctia vanh céc s6 nguyén Z déu c6 dang mZ. Gia st mZ + nZ = 7.
val(nZ) = 0.

Tac 12 1(nZ) = {z € Z| znZ = 0}. D& dang thay ring {z € Z| znZ = 0} xay ra
khi va chi khi z = 0. Nghia 14 [(nZ) = 0, ddng nghia véi mZ <'** Z véi moi m. Suy
raA;(Z) =17

Truong hop 2: Vanh R = Z,.

Z, chicéd haildéan1a 0 = 2nZ va 1= (2n+ 1)Z, n € Z.

Dé dang thay rang [(0) = Z,. Ngoai ra [(T1) = 0.

Chi ¢6 cac phan tich thanh tong céc Idéan con Z, = 04+ 1 = 1 + 0, do dé suy ra
A,(Z,) = 0. Do tinh chét giao hoan cta Z,ta c6 A-(Z,) = 0 = A,(Z,).

7 17,
0 1]

JZ 7] _[Z 0 0 Z;] _[Z O 0 Z,
Taco g ZZ]_[O ol T lo ZZ]_[O zz] ]

I; I
C6 cac dang Idéan [g IZZ] trong d6 I, 1a Idéan cua Z, I, 1a Idéan cla Z,
Zy

Truwong hop3. Vanh R = [

Xét cac da'mg thl'rc ma tran sau:

[ 1 ZXZ 0]

0

. 0 Zz 0 zXZ,+1XZ,

g ka %][ Fxm, |

Néntacél(g %j)IOVél(Z ) = 8 %z] Nen 2 0] c am).
o 1xlo zl=[70" Xz o =l G- 75"

0 jJ 0 Z, JXZy) |0 J o r

A ~ / _ 0 Zz _ 0 ZZ]
Nén ta cling co l<[0 Z2]>—Oval([o 0 )— 0 1z,

Nén [8 ZOZ] c 4,(R).

Tur d6 suy rarang A;(R) = [% ZZ] :

3. KET LUAN

Céc két qua nghién ctu linh hoa tir tréi mln ciua mot vanh trong bai bao nay
budc dau cho ta mot vai phan loai vanh. M6t sd tinh chit lién quan dén giai xodn
Tor(R) cua R véi tu cach 1a mot modun trén chinh né s& 1a hudng nghién ciru tiép
theo ma céc tac gia chua cé diéu kién dé dé cap t6i trong bai bao nay. Mot sd ching
minh trong bai bao 1a 1am rd hon cac ndi dung da dugc cac tic gia W.K. Nicholson,
Yigiang Zhou trinh bay c6 dong trong [3] nham gitip thém tu liéu cho nguoi doc.
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RING WITH LEFT SMALL ANNIHILATOR CONDITIONS
Hoang Dinh Hai, Vu Thi Nhi, Nguyen Thi Huong

ABSTRACT

The study of Ring characteristics through Jacobson radical suggests new studies
on the small annihilator ideals and its applications. Left small annihilator ideals of a
ring has been W.K. Nicholson, Yigiang Zhou presented in [3]. A right ideal A of the
ring R is called a small ideal if for every right ideal B of R that A + B = R then B = R;
A is called a left small annihilator ideals if | (B) = 0 (I (B) is a left annihilator of B).
The purpose of this paper is to study the left small annihilator ideals that W.K.
Nicholson and Yigiang Zhou have contributed. Since then we would like to develop a
number of ring characteristics, such as the Ikeda-Nakayama ring, the Artin ring, and
the strong m-regular ring with small annihilator conditions.

Keywords: Small right Ideal, annihilator, jacobson radical.
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