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UNG DUNG HE PHUONG TRINH TUYEN TINH TRONG PHAN
TICH CAN BANG LUU LUQNG CUA MANG LUOI GIAO THONG

Hoang Vin Quang!, L& Xuin Diing?
TOM TAT

Bai bao xay dung mét sé md hinh mang ledi giao thdng dudi dang do thi c6 hudng
va trinh bay viéc ung dung hé phuong trinh tuyén tinh trong phéan tich can bang luwu lwong
cua Cac mang luoi giao thdng nay.

Tiur khoa: Hé phuwrong trinh tuyén tinh, do thj c6 hwong, heu heong giao théng, mang
ludi giao thong.
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1. PAT VAN BE

Mang luéi giao théng (mang 1udi) 1a mot trong nhitng hé théng phirc tap dién hinh
trong doi sdng kinh té-xa hoi, bao gdm cac nut (dai dién cho cac giao 16 hodc cac diém, khu
vuc ra-vao cua phuong tién giao thong) va cac cung c6 hudng (dai dién cho cac doan duong).
Su di chuyén ciia phuong tién trong mang ludi duoc moé ta théng qua cac ludng luu lugng,
thoa man cac dinh luét bao toan tai cac nit va cac rang budc vé hudng trén cac cung cua
mang ludi [6][7]. Do tinh chat phirc tap va quy mé 16n ctia mang ludi, viéc phan tich, du
bao va diéu khién giao théng doi hoi phai xay dung cac cong cu toan hoc phi hop, cho phép
mo ta dong thoi cdu tric mang ludi va hanh vi dinh luong cia luu lugng phuong tién trong
mang ludi [1].

Trong bdi canh dé, dai s6 tuyén tinh cung cap mét cong cu tu nhién va hiéu qua dé
md hinh ho4 va phan tich cic mang ludi giao thong thong qua hé phuong trinh tuyén tinh va
céc ma tran lién quan [2][8]. Bai béo tap trung trinh bay bai toan can bang luu luong trong
mang luéi giao thong [7][9], ddy 1a mot trong nhitng van dé thyc tién co ban dnh huong dén
tinh hinh giao thong hién nay, dac bié€t & nhiing khu dé thi dong diuc dan cu. Phuong phap
chinh cua bai bao 1a mo6 hinh hoa mang ludi giao thong dudi dang mot dd thi co huong, tir
d6 thiét 1ap hé phuong trinh tuyén tinh, trong d6 mdi phuong trinh 1a phuong trinh can bang
luu lugng tai cac giao 10 [2][3].

Ngoai phan dat van dé, bai bao chia thanh hai muc bao gdbm: Muc 2 gidi thiéu mot sd
kién thirc co ban vé hé phuong trinh tuyén tlnh do thi co erO’ng va mang ludi giao thong
Muc 3 trinh bay két qua chinh ciia bai toan vé phan tich can bang luu lwong ctia mot sé mo
hinh mang lu6i giao thong thuong gédp trong cac do thi hién nay.

2. KIEN THUC CHUAN BI

Trong muc ndy, chung t6i gidi thiéu mot sé khai niém va tinh chat vé hé phuong trinh
tuyén tinh, d6 thi c6 hudng va mang ludi giao thong.
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Pinh nghia 2.1. ([8]) Mot hé phwong trinh tuyén tinh gdm m phuong trinh véi n an
s trén truong sb thue R ¢ dang:

_ 1
ay X ta,X, - +a, n_bl &)
Ay X +8ypX, +--+ 3, X, :bz

A X +a,% ++a, X =b,
trong d6 X, X,,..., X, 1a cac bién sb (an sb), goi tit 1 bién (an); a; € R 1a c4c hé s6 da
biét twong (g ciia cac bién x, véi 1<i<mval< j<n; b R la cac hé s6 ty do (khong
phai 13 hé s6 ctia bién). Néu b, =b, =...=b_ =0, ta ¢ hé phuong trinh tuyén tinh thuan nhét:

ay Xy +a,X, ++a,X, =0 @
A, % +a,X, +---+a, X, =0

a, X +a,X +-+a,,X, =0,
hé nay duoc goi 1 hé phuong trinh tuyén tinh thuin nhat /ién két voi hé phuong trinh
tuyén tinh (1).
Pinh nghia 2.2. ([8]) Cho hé phuong trinh tuyén tinh (1). Ta goi:

a, a, - &, a, a, -~ &, b
a a, - a a a, - a b
e A
aml am 2 amn aml am 2 amn bm

lan luot 14 ma trgn hé s6 VA& ma trgn mé réng cua hé phuong trinh (1). Pat
X=(X,X,,....x ) Vab=(0,b,,....b).

b’ duoc goi 13 ¢dt hé s6 tw do ctia hé phuong trinh tuyén tinh (1). Khi d6, hé phuong
trinh (1) va hé phuong trinh tuyén tinh thuan nhat (2) lan luot dugc viét lai duéi dang
AX" =b"va Ax" =0.

Tiép theo ta trinh bay mot s6 khai niém lién quan dén d6 thi co hudng va dd thi c6
huong lién thong.

Pinh nghia 2.3. ([3]) Mot do thi c6 huong 1a mét cap G = (V,E), trong do V ={v,...,V,}
1a mot tap hiru han cac dinh va E <V xV 1a mot tap cac cung (canh ¢6 hudng).

M3di cung € = (U,V) € E biéu dién mét quan hé c6 hudng tir dinh u dén dinh v, trong
do u duoc goi 1a dinh dau va v duge goi la dinh cuoi cia cung €.

Pinh nghia 2.4. ([3, 4]) M6t do thi ¢ hudng G = (V,E) dwoc goi la lién thong yéu néu
v6i moi cdp dinh phan biét U,VeV tdn tai mot day dinh u=Vvy,V,...,V, =V sao cho

véimdi 1=0,1,...,k=1, hoic (V;,V,,) € E hoic (v,,,,v;) € E.
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Pinh nghia 2.5. ([3, 4]) Cho db thi c6 hudéng G = (V,E). Mot duong di c¢6 hudng tix
dinh V, dén dinh Vv, 1a mot diy hitu han cac dinh (V,V,,...,V,), sao cho véi moi

1=01...,k-1,taco (v,v,

..1) € E. S6 cung k duogc goi 1a dé dai cia dudng di. Néu cac
dinh V,,V;,...,V, d6i mot khac nhau thi duong di duoc goi la duwong di don.

Pinh nghia 2.6. ([2, 3, 4]) Cho db thi c6 huéng G = (V,E). Mot chu trinh c¢é hudng
trong G la mot diy cac dinh phan biét V,,V,,...,V, (K>2) sao cho (v,V,,)€E véi
i=1...,k-1 (v.,v)€E.

Néi cach khac, mot ghu trinh c6 hudng 1a mot duong di c6 hudong khép kin, trong do6
dinh dau trung vai dinh cudi va khéng c6 dinh nao khéc bi ldp lai.

Pinh nghia 2.7. ([2, 4]) M6t d6 thi ¢6 huéng G = (V,E) dugc goi 1a lién thong manh
néu v6i moi cip dinh U,V eV , tdn tai mot dudng di c6 hudng tir u dén v va dong thoi ton
tai mot duong di co hudng tir v d&én u.

Pinh nghia 2.8. ([3]) Cho db thi c¢6 huéng G = (V,E) va mot dinh veV .

i) Bdc vao cua v, ky hiéu deg*(v), 1a sé cung trong E ¢6 dinh cudi 14 v.

ii) Bdc ra cua v, ky hiéu deg™(v), 1a sé cung trong E c6 dinh dau 13 v.

Dé cho gon va khong so nham 13n trong ky hiéu cta do thi G, ta c6 thé dong nhét dinh
Vi véi i, nghia la V ={1,2,...,n} va mdi cung e € E c6 dang (ij).

Vi du 2.9. Cho d6 thi c¢6 huéng G gdm cac dinh V = {1,2,3,4,5,6,7} va céc cung
{(1,2), (2,3), (3,2), (3,4), (1,4) (5,4),, (6,7)} nhu Hinh 1. Ta c6 G 1a d0 thi ¢6 hudng khong
lién thong, do khong c6 cung nao noi gitra hai dinh 5 va 6.

(1)

Hinh 1
Sau khi bo di hai dinh 6, 7 ta nhan dugce do thi méi 1a dd thi G' ¢o tap dinh 1a V' =
{1,2,3,4,5} va cac cung {(1,2), (2,3), (3,2), (3,4), (1,4), (5,4)} nhu Hinh 2, 14 d5 thi lién
thong nhung khong phai lién thong manh. Do khong c¢6 duong di ¢ hudng tir 4 dén 5.

Hinh 2
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Vi du 2.10. Cho db thi c6 huéng G" gbém cac dinh V = {1,2,3,4,5} va céc cung {(1,2),
2,1), (2,3), (3,2), (3,4), (1,4), (5.4), (4,5)} nhu Hinh 3 1a d6 thi c6 hudng lién thong manh.

D -®

Hinh 3

Ngoai ra, ta ¢6 bac vao ciia dinh 4 1a deg”(4) =3, do c6 ba cung (1,4), (3,4) va (5,4).
Bac ra cia dinh 4 1a deg (4) =2,do c6 hai cung (4,2) va (4,5).

Tir d6, ta c6 mang ludi giao théng duge mo ta qua do thi ¢ hudng nhu sau:

Dinh nghia 2.11. ([4][5]) Mot mang ludi giao thong c6 hudng duge md hinh hoa boi
mot dd thi c6 huéng G = (V,E), trong d6 V ={v,,...,V,} 1a tap cac nit (giao 1§) va
E={e,....e,}1a tap cac doan dudng c6 hudng.

Kihiéu R" ={(x,..., X, )|, X,,..., X, € R} va Mat
Nx M trén truong sb thyc.

Pinh nghia 2.12. ([6][7]) Vi mdi doan dudng €; € E, ta gon mét bién X; biéu thi

(R) 1a tap hop cac ma tran cip

mxn

lwu lwong (sé xe trén mot don vi thoi gian). Vecto X = (X,,...,X,) € R" duoc goi 1a vecto luu
luwong giao thong.

Pinh nghia 2.13. ([2, 8]) Ma tran lién thuéc cé huwdéng cua mang giao thong G cO6 m
ndt va n cung la ma tran B = (b;) e Mat (R), trong d6

mxn
—1, néu e; di ra tit nat v;,
bij =41, néue; divao nit v;,

0, trong cac truong hgp con lai.
Nhén xét 2.14. M&i cot cia ma trén B chi ¢6 hai phan tir khac khong 1a 1 va -1.

3. PHAN TiCH CAN BANG LUU LUONG GIAO THONG

Trong muc ndy, ta nghién ctru bai toan can bang luu lugng trong mang ludi giao thong
dugc mo hinh hoa dudi dang d6 thi c6 hudng. Bang viéc thiét 1ap cac phuong trinh bao toan
luu lugng tai cac niit giao, cac bai toan giao thong thuc tién duge quy vé viéc giai mot hé
phuong trinh tuyén tinh. Nghiém ctia hé phuong trinh ndy cho phép xac dinh luu lugng giao
thong trén cac doan duong trong mot khoang thoi gian khao sat xac dinh, chang han nhur gid
cao diém, qua dé cung cép co sd toan hoc cho viéc dé xuat cac phuong an diéu tiét nham
han ché un tic giao thong.
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Dinh nghia 3.1. ([1][7]) Vecto d =(d,,...,d ) € R™ dugc goi 1a vecto ra-vao cia
Mot mang ludi giao thong c6 m nit, trong do:

i) d; >0 biéu thi nat i 1 nit ra (phét sinh luu lwong),

ii) d, <0 biéu thi nut i 1a ndt vao (hap thy luu lugng),

i) d. =0 biéu thi nat i 1a n{t trung gian.

Nhan xét 3.2. d; do bang xe/don vi thoi gian (1=12,...,m).

Nhan xét 3.3. (Nguyén ly bdo toan phuong ti¢n) Trong mdt mang ludi giao thong
duogc mé hinh hoa dué6i dang d6 thi ¢6 hudng, tai mdi nit giao trung gian (khong dong vai
tro ra hodc vao), tong luu lugng phuong tién di vao nut bang tong luu lugng phuong tién di
ra khoi nat trong cung mot khoang thoi gian quan sat.

Nhan xét 3.4. (Nguyén ly bao toan phuong tién dang tong quat [1][7] ) Tai mdi nut vi cia
mang ludi giao thong, hiéu giita tong luu lugng phuong tién di ra va tong luu lugng phuong tién
di vao bang lugng phuong tién duoc sinh ra hodc hap thy tai nit d6 trong khoang thoi gian xét.

Tir d6 ta c6 phat biéu vé bai toan can bang luu lugng giao théng nhu sau:

Pinh nghia 3.5. ([1][6][7]) Bai toan cdn bang luu lwong giao théng 1 tim vecto luu
luong X € R" thoa man hé phuong trinh tuyén tinh BX' =d, trong d6 B 12 ma tran lién
thudc co6 hudng ctia mang ludi giao thdng va d 1a vecto ra-vao.

Nhéan xét 3.6.

i) Xj 1a luu luong trén doan duodng thir j, don vi xe/don vi thoi gian ( ] =1,2,...,n).

ii) Phuong trinh (BX'), =d, chinh 1a phuong trinh cdn bing ra-vdo tai nut i
(i=12,...,m).

Pinh ly 3.7. ([1][2][8]) Gia sit G = (V,E) 1a mét dd thi c6 hudng lién théng yéu gdbm
m nut van cung, va B € R™" 1a ma tran lién thudc c6 huéng ctia G. Khi d6 hé phwong trinh

m
tuyén tinh Bx=d co nghiém khi va chi khi )_d; =0.
i=1

Chitng minh. Theo Nhan xét 2.14, ta c6 mdi ¢t cia ma tran B c6 diing mot phﬁn t
bang 1 va mot phan tir bang -1, nén tong cac hang cia B bang vecto khong. Suy ra

m m m
D (Bx"), =0 véi moi x. Do do, diéu kién can la Y d; =0. Gia sir Y d; =0 va dd thi G
i=1 i-1 i=1
lién thong yéu. Ky higu: V" ={ieVl d; >0}, V™ ={jeVl d; <0}

Céc nat trong V* 1a ndt vao, cac nat trong V = 1a ndt ra. Do G lién thong yéu, véi mdi
cap (i, J) eV xV ™ ton tai mot duong di (b6 hudng) ndi i voi j. Chon mot hudng phur hop
trén duong di d6 va gan mot luu lugng duong trén cac cung ciia duong di. Ta phan phéi dan
lwu lugng tir cac nit vao t6i cac nut ra sao cho tai mdi bude:

i) luu lugng roi khoi cac niit ngudn giam dung lwong d; >0,
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ii) lru luong di vao cac nut thoat tang ding luong —d |,

1i1) cac nut trung g1an lu6n thoa man can bang luu luong

Vi tong lugng ra bang tong lugng vao, qua trinh nay két thic sau hitu han budc va thu
duoc mot vecto luu lugng X thoa man Bx=d.

Pinh nghia 2. 11 mo hinh hoa mang ludi giao thong duéi dang dd thi co hudng, qua
d6 cho phep mo ta cdu tric va huéng di chuyén cia phuong tién mot cach truc quan bang
ngodn ngit 6 thi. Trén co s& mod hinh nay, viéc thiét 1ap va giai cac hé phuong trinh tuyén
tinh trong tmg cho phép phan tich va xac dinh luu lwong giao thong trén cac cung cua mang.
Trong phan cudi cia bai bao, chung t6i trinh bay va phan tich chi tiét mot s6 mo hinh giao
thong quen thudc trong cac d6 thi hién nay, bao gdm mé hinh vong xuyén, mang ludi gdbm
ba niit va mang luéi gdm bdn nit.

Mb hinh 3.8. (Vong [1][6][7]) Vong xuyén 1a mé hinh mang ludi giao thong trong d6
hé théng dudng dugc biéu dién boi mot d6 thi co huéng G = (V,E) chira it nhat mot chu trinh
c6 hudng khép kin, dai dién cho ludng giao thong chuyén dong tudn hoan theo mét chiéu
xéc dinh. Vong xuyén c6 3 nut ra-vao:

Hinh 4

dugc mo ta bang dd thi G c¢é hudng gom cac dinh V ={1,2,3} va céac cung {(1,2),
(2,3), (3,1)} nhu Hinh 5.

Hinh 5

Vong xuyén c6 4 nit ra-vao:

v

Hinh 6

135



p-1SSN 3030 - 4628

TAP CHI KHOA HQC TRUONG PAI HOC HONG PUC - SO 84 (02.2026) = ISSN 3030 - 4636

duogc mo ta bang dd thi G ¢6 hudng gdm céac dinh V = {1,2,3,4} va céc cung {(1,2),
(2,3), (3,4), (4,1} nhu Hinh 7.

Hinh 7

Vi dy 3.9. Gia st xet vong xuyén gém 4 nat 1, 2, 3, 4 (Hinh 7). Trong thoi gian quan
sat ta thay: nut 1 ra 120 xe/gio, nat 2 ra 80 xe/gio, nut 3 vao 60 xe/gio, nut 4 vao 140 xe/gio.
Gia st luu lugng xe trén cung (1,2), (2,3), (3,4), (4,1) 1an lugt 1d Xy, Xyg, Xgy, Xy =0
(xe/gi0). Khi do hé phuong trinh:

—X, + X, =120
X, — X, =80
Xp3 — Xgy =60
X3, — X4y =140.
Ma tran cua hé la:
1 0 0 -1
-11 0 O
0 1 -1 0
0O 0 1 -1

Giai hé phuong trinh tuyén tinh trén ta duoc:
X, =t-120,X,; =t -200, x,, =t-140, x,, =t.

Nhu vay luu lwong xe ti thiéu trén cung (1,2) 1a 80 xe/gio, (3,4) 1a 60 xe/gid, (4,1) 1a
200 xe/gio. Gia su tai thoi diém tan ca, luu lugng xe trén cung (4,1) 1a 300 xe/gio, khi do
luu lugng xe trén cac cung (1,2), (2,3), (3,4) 1an luogt 1a 180, 100 va 160 xe/gio.

Mo hinh 3.10. (M6 hinh mang luéi giao thong 3 nut) M6 hinh mang ludi giao thong
3 nat duogc biéu dién bai mot do thi co huéng G = (V,E), trong do V = {1, 2, 3} 1a tap cac
nut giao thdng va E 1a tap cac cung ndi giita cac niit. Vi mdi cung (i, J) € E, ky hidu x;
1a luu lwong giao thong (xe/don vi thoi gian) di tir nat i &én nat j. Tai mdi nat i €V, ta gan
mot dai lugng b, € N tng véi nat i.

Ta thudng gip mang ludi nay c6 dang d6 thi nhu sau:

(3) (3) (3) l
A © A © A o O,
Hinh 8 Hinh 9 Hinh 10 Hinh 11
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Hinh 8 1a mang ludi giao thong 3 nit ¢ cac cung duong 13 cung mot chiéu, chinh 1a
vong xuyén gém 3 nut ra-vao; Hinh 9 1a mo hinh mang lu6i giao thong Ngi Ba bia thudc
phuong Hac Thanh, tinh Thanh Hod; Hinh 11 la mang ludi giao thong 3 nut c6 cac cung
biéu thi duong hai chiéu.

Vi du 3.11. Gia sir mang ludi giao thong 3 nit nhu Hinh 9. Trong thoi gian quan sat
ta thdy: nat 1 ra 200 xe/gid, nit 2 ra 80 xe/gid, nit 3 vao 280 xe/gid. Gia st luu luong xe
trén cung (1,2), (1,3), (3,1), (2,3) 1an lugt 1a X5, X3, Xg;, Xp5 = 0 (xe/gi®y). Khi d6, ta c6 hé
phuong trinh:

—Xp = Xy3 + Xy =—200
Xip = Xp3 =80
Xi3 — X1 + Xp3 = 280.

Ma tran cua hé 1a:
-1 -1 0 1
1 0 -1 0
0 1 1 -1

Giai hé phuong trinh tuyén tinh ta duoc:

X, =a—80,X, =—a+b+280,X,; =a,x;, =h.

Nhu vay luu lugng xe t6i thiéu trén cung (2,3) 14 80 xe/gio.

Mo hinh 3.12. (M6 hinh mang ludi giao thong 4 nut) M6 hinh mang ludi giao thdng
gdm 4 nut duge biéu dién bai mot do thi c6 hudng G = (V,E), trong d6 V = {1,2,3,4} 1a tap
cac nit giao thong va E 1a tap cac cung ndi gitra cac niit. Vi mdi cung (i, j) € E, ky hiéu
X;; 1a luu lugng giao thong (xe/don vi thoi gian) di tir nit i dén nut j. Tai moi nat i€V, ta
gan mot dai lugng b, € N ung véi nat i.

Ta thuong gip mang ludi ndy c6 dang d6 thi nhu sau:

(T\
® ® @ O ® @

Hinh 12 Hinh 13 Hinh 14 Hinh 15 Hinh 16

Ta thay, Hinh 12 1a mang ludi giao thong 4 nut c6 cac cung duong 13 cung mot chiéu
chinh 13 vong xuyén gdm 4 niit ra-vao; Hinh 16 1a mang lu6i giao thong 4 nut c6 cac cung
biéu thi duong hai chiéu.

Vi du 3.13. Gia stt mang ludi giao thong 4 nat nhu Hinh 13. Trong thoi gian quan sat ta
thay: nit 1 ra 100 xe/gio, nut 2 ra 180 xe/gid, nit 3 vao 120 xe/gidr va nut 4 vao 160 xe/gio. Gia
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st luu luong xe trén cung (1,2), (2,3), (3,4), (4,1), (1,4) 1an lugt 1a Xy, Xpg, Xy, X4y, Xy =0
(xe/gi0). Khi do, ta ¢6 h¢ phuong trinh:

—Xp + Xy — X,y =—100

X, — X,g =—180

Xgy — X4y + %, =160.

Ma tran cua hé la:
-1 0 0 1 -1
1 -1 0 0 O
0O 1 -1 0 O
O 0 1 -1 1

Giai h¢ phuong trinh tuyén tinh ta duoc:
X, =a—b+100, x,, =a—b+280,x,, =a—b+160,X,, =a,x, =b.
Nhu vay néu luu luong xe cung (4,1) va (1,4) bang nhau thi luu luong xe trén cung
(1,2) 1a 100 xe/gio, trén cung (2,3) la 280 xe/gio va trén cung (3,4) la 160 xe/gio.

Trong phan cudi ciia bai bao nay, ta xét mang ludi giao thong c6 mo ta 1a db thi co
hudéng nhu hinh 2.

Vi du 3.14. Gia str mang ludi giao thong Hinh 2. Trong thoi gian quan st ta thay: nit
1 ra 100 xe/gio, nit 2 vao 150 xe/gio, nut 3 ra 120 xe/gio va nut 4 vao 260 xe/gio va nut 5
ra 190 xe/gio. Gia su luu lugng xe trén cung (1,2), (1,4), (2,3), (3,2), (3,4), (4,2), (5,4) lan
Tuot 1a Xy, X, Xogs Xaps Xags Xp0 X4 = 0 (x€/gi0). Khi @0, ta c6 hé phuong trinh:
—X, =%, = —100
X, = X3 + X5, + X,, =150
X3 = Xgp = Xgy = =120
Xig + Xgq = Xgp + X, = 260
X, =—190.

Ma tran cua hé la:
-1 -1 0 0 0 0 O
1 0 -1 1 0 1 0O
0 O
1

0O 0 1 -1 -1
0 1 0 0 1 -1
0O 0 0 0 O 0 -1

Giai hé phuong trinh tuyén tinh trén ta duoc:
X, =b—-c+30,x, =-b+Cc+70,x,, =a+b-120,
Xsp =8, X5y =D, X, =C, X, =190.

Nhu vay téng luu luong xe trén cung (1,2) va (1,4) 1a 100 xe/gid, trén cung (3,2) va
(3,4) 1a 120 xe/gio va trén cung (5,4) 1a 190 xe/gio.
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APPLICATIONS OF SYSTEMS OF LINEAR EQUATIONS IN THE
ANALYSIS OF TRAFFIC FLOW EQUILIBRIUM IN
TRANSPORTATION NETWORKS

Hoang Van Quang, Le Xuan Dung
ABSTRACT

This paper constructs several transportation network models in the form of directed
graphs and presents the application of systems of linear equations to the analysis of traffic
flow equilibrium in these transportation networks.

Keywords: Systems of linear equations, directed graphs, traffic flow, transportation
networks.
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